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Abstrat
The artile is devoted to the investigation of groups of dieomorphisms and loops
of manifolds over ultra-metri elds of zero and positive harateristis. Dierent types
of topologies are onsidered on groups of loops and dieomorphisms relative to whih
they are generalized Lie groups or topologial groups. Among suh topologies pairwise
inomparable are found as well. Topologial perfetness of the dieomorphism group
relative to ertain topologies is studied. There are proved theorems about projetive
limit deompositions of these groups and their ompatiations for ompat manifolds.
Moreover, an existene of one-parameter loal subgroups of dieomorphism groups is
investigated.
1 Introdution.
Non-arhimedean analysis has rather long history, but it is muh less developed in omparison
with the lassial analysis over the elds R and C. Therefore, the theory of groups on
manifolds over non-arhimedean elds is not so well investigated as for Riemann or omplex
manifolds [34, 16, 12, 5℄.
As it is known elds with multipliative ultra-norms suh as the eld of p-adi numbers
were rst introdued by K. Hensel [14℄. Several years later on it was proved by A. Ostrowski
[32℄ that on the eld of rational numbers eah multipliative norm is either the usual norm
as in R or is equivalent to a non arhimedean norm |x| = p−k, where x = npk/m ∈ Q,
n,m, k ∈ Z, p ≥ 2 is a prime number, n and m and p are mutually pairwise prime numbers.
Eah loally ompat innite eld with a non trivial non arhimedean valuation is either a
nite algebrai extension of the eld of p-adi numbers or is isomorphi to the eld Fpk(θ) of
power series of the variable θ with expansion oeients in the nite eld Fpk of p
k
elements,
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where p ≥ 2 is a prime number, k ∈ N is a natural number [37, 42℄. The valuation group
ΓK := {|x| : x ∈ K, x 6= 0} ⊂ (0,∞) of a loally ompat eld K is disrete. Non loally
ompat elds are wide spread as well and among them there are elds with the valuation
group ΓK = (0,∞) [9, 37, 39℄. The non-arhimedean analog of the eld of omplex numbers
is Cp whih is omplete algebraially and as the uniform spae relative to its multipliative
norm and ΓCp = {x ∈ Q : x > 0}.
The importane of transformation groups of manifolds in the non-Arhimedean fun-
tional analysis, representation theory and mathematial physis is lear and also an be
found in the referenes given below [2, 21, 22, 24, 25, 37, 38℄. This artile is devoted to
several aspet of suh groups. One of them is on their struture from the point of view
of the non-arhimedean ompatiation (see also about Banashewski ompatiation in
[37℄). Though a new topology used for ompatiation may be dierent from the initial
topology of a group or even may be non-omparable, beause on the same group it is possi-
ble an existene of several dierent topologies making it a topologial group. This is useful
also for studying their representations as restritions of representations of non-arhimedean
ompatiations, whih are onstruted below suh that they also are groups. Apart from
previous works [21, 22, 23, 24, 25℄, where the harateristi char(K) = 0 was zero, in this
paper groups on manifolds over elds with non-zero harateristis also are dened and
investigated. Dierent types of topologies are onsidered on groups of loops and dieomor-
phisms relative to whih they are generalized Lie groups or topologial groups. Among suh
topologies pairwise inomparable are found as well. It is aused by the fat that repeated
appliation of projetive and indutive limits of topologial spaes generate topologies and
spaes in general dependent from an order of taking limits and their types, so that suh
topologies may appear inomparable on a subset ontained in these topologial spaes. It is
proved, that relative to the C∞ bounded-open topology groups of geometri loops and groups
of dieomorphisms of manifolds over ultra-normed elds are the generalized Lie groups.
Previously one-parameter subgroups over elds of non-zero harateristis were not stud-
ied. This artile ontains as well results on one-parameter subgroups over K with char(K) =
p > 1 using its multipliative subgroup K∗ := K\{0}. It is proved below that the dieomor-
phism group of a ompat manifold is topologially simple relative to the C∞ ompat-open
topology, that develops previous results [24℄, where topologial simpliity and perfetness
was proved over elds of zero harateristi.
At rst in Setion 2 we remind basi fats and notations, whih are given in detail in
referenes [37, 39, 21, 22, 23℄. A loop group Lt(M,N) is dened as a quotient spae of a
family of mappings f : M → N of lass Ct of one Banah manifoldM into anotherN over the
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same loal eldK suh that limz→s(Φ¯
mf)(z; h1, ..., hm; ζ1, ..., ζm) = 0 or limz→s(Υ
mf)(z[m]) =
0 for eah 0 ≤ m ≤ t, where M and N are embedded into the orresponding Banah
spaes X and Y , cl(M) = M ∪ {s}, cl(M) and N are lopen in X and Y respetively,
0 ∈ N , (Φ¯mf)(z; h1, ..., hm; ζ1, .., ζm) and (Υ
mf)(z[m]) are ontinuous extensions of dierene
quotients by variables orresponding to z or by all appearing indutively variables over a
non-arhimedean eld K of zero harateristi or of char(K) = p > 0 respetively, z ∈ M ,
h1, ..., hm are nonzero vetors in X , ζ1, ..., ζm ∈ K suh that z + ζ1h1 + ... + ζmhm ∈ M ,
z[m+1] := (z[m], v[m], ζm+1), z
1 = (z, v[0], ζ1), z
[m], v[m] ∈ K[m], K[m+1] = K[m] ⊕ K[m] ⊕ K,
U [1] = U , z[m] + ζm+1v
[m] ∈ U [m] (see also 2.1).
In Setion 2 preliminary investigations on strutures of Diff t(M) as the topologial
groups and Lie groups are studied. Non-arhimedean ompletions of lopen subgroups W
of loop groups G and dieomorphism groups G are onsidered in Setions 3 and 7. Com-
pletions are onsidered relative to uniformities assoiated with projetive deompositions.
They produe topologies inomparable with the initial one. Relative to them they remain
topologial groups. In the ase of the loop group the non-arhimedean ompletion produes
a new topologial group V in whih the initial group W is embedded as a dense subgroup
suh that V 6= W . Suh topologies have purely non-arhimedean origin related with non-
arhimedean uniformities or families of non-arhimedean semi-norms on spaes of ontinuous
or more narrow lasses of funtions between non-arhimedean manifolds. In the lassial ase
over R one might expet instead of this some repeated ombination of an indutive and a
projetive limits, whih is quite dierent thing.
For the ompat manifoldM in the ase of the dieomorphism group the non-arhimedean
ompletion of W produes pronite group. For the loally ompat manifolds M and N in
the ase of the loop group Lt(M,N) one of the non-arhimedean ompletion of W produes
its embedding into Zp
N
and also there exists the ompletion isomorphi with (νZ)ℵ0 , where
νZ is the one-point Alexandro ompatiation of Z. When W is bounded relative to the
orresponding metri in Lt(M,N), then W is embedded into Zp
N
. Moreover, topologies
of Diffw(M) and Diff t(M) or Lt(M,N) and L
w(M,N) are inomparable for ompat
manifolds M and N , where the groups Diffw(M) and Lw(M,N) are supplied with the
weak projetive limit topologies τw. The group Diff
t(M) is topologially simple, on the
other hand, the group Lt(M,N) is ommutative.
An existene of one parameter subgroups of Diff t(M) is investigated in Setion 5. It is
proved in Setion 6, that Diff t(M) is topologially simple relative to its Ct ompat-open
topology, as well as the theorem about ontinuous automorphisms of Diff t(M) is proved.
The notation given below and the orresponding denitions are given in detail in [21, 23℄.
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All results of this paper over the elds of positive harateristis are obtained for the rst
time.
2 Groups of dieomorphisms.
1. Denitions. Let K be an innite eld with a non trivial non arhimedean valuation,
let also X and Y be topologial vetor spaes over K and U be an open subset in X . For a
funtion f : U → Y onsider the assoiated funtion
f [1](x, v, t) := [f(x+ tv)− f(x)]/t
on a set U [1] at rst for t 6= 0 suh that U [1] := {(x, v, t) ∈ X2 × K, x ∈ U, x + tv ∈ U}.
If f is ontinuous on U and f [1] has a ontinuous extension on U [1], then we say, that f
is ontinuously dierentiable or belongs to the lass C1. The K-linear spae of all suh
ontinuously dierentiable funtions f on U is denoted C [1](U, Y ). By indution we dene
funtions f [n+1] := (f [n])[1] and spaes C [n+1](U, Y ) for n = 1, 2, 3, ..., where f [0] := f ,
f [n+1] ∈ C [n+1](U, Y ) has as the domain U [n+1] := (U [n])[1].
The dierential df(x) : X → Y is dened as df(x)v := f [1](x, v, 0).
Dene also partial dierene quotient operators Φn by variables orresponding to x only
suh that
Φ1f(x; v; t) = f [1](x, v, t)
at rst for t 6= 0 and if Φ1f is ontinuous for t 6= 0 and has a ontinuous extension on
U [1] =: U (1), then we denote it by Φ¯1f(x; v; t). Dene by indution
Φn+1f(x; v1, ..., vn+1; t1, ..., tn+1) := Φ
1(Φnf(x; v1, ..., vn; t1, ..., tn))(x; vn+1; tn+1)
at rst for t1 6= 0, ..., tn+1 6= 0 on U
(n+1) := {(x; v1, ..., vn+1; t1, ..., tn+1) : x ∈ U ; v1, ..., vn+1 ∈
X ; t1, ..., tn+1 ∈ K; x + v1t1 ∈ U, ..., x + v1t1 + ... + vn+1tn+1 ∈ U}. If f is ontinuous on U
and partial dierene quotients Φ1f ,...,Φn+1f has ontinuous extensions denoted by Φ¯1f ,...,
Φ¯n+1f on U (1),...,U (n+1) respetively, then we say that f is of lass of smoothness Cn+1.
The K linear spae of all Cn+1 funtions on U is denoted by Cn+1(U, Y ), where Φ0f := f ,
C0(U, Y ) is the spae of all ontinuous funtions f : U → Y .
Then the dierential is given by the equation dnf(x).(v1, ..., vn) := n!Φ¯
nf(x; v1, ..., vn; 0, ..., 0),
where n ≥ 1, also denoteDnf = dnf . Shortly we shall write the argument of f [n] as x[n] ∈ U [n]
and of Φ¯nf as x(n) ∈ U (n), where x[0] = x(0) = x, x[1] = x(1) = (x, v, t), v[0] = v(0) = v, t1 = t,
x[k] = (x[k−1], v[k−1], tk) for eah k ≥ 1, x
(k) := (x; v1, ..., vk; t1, ..., tk).
Subspaes of uniformly Cn or C [n] bounded ontinuous funtions together with Φ¯kf or
Υkf on bounded open subsets of U and U (k) or U [k] for k = 1, ..., n we denote by Cnb (U, Y )
or C
[n]
b (U, Y ) respetively.
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Consider partial dierene quotients of produts and ompositions of funtions and rela-
tions between partial dierene quotients and dierentiability of both types. Denote by
L(X, Y ) the spae of all ontinuous K-linear mappings A : X → Y . By Ln(X
⊗n, Y )
denote the spae of all ontinuous K n-linear mappings A : X⊗n → Y , partiularly,
L(X, Y ) = L1(X
⊗1, Y ). If X and Y are normed spaes, then Ln(X
⊗n, Y ) is supplied with
the operator norm: ‖A‖ := suph1 6=0,...,hn 6=0;h1,...,hn∈X ‖A.(h1, ..., hn)‖Y /(‖h1‖X ...‖hn‖X).
2. Lemma. The spaes C [1](U, Y ) and C1(U, Y ) are linearly topologially isomorphi.
If f ∈ Cn(U, Y ), then Φ¯nf(x; ∗; 0, ..., 0) : X⊗n → Y is a K n-linear C0(U, Ln(X
⊗n, Y ))
symmetri map.
Proof. From Denition 1 it follows, that f [1](x, v, t) = Φ¯1f(x; v; t) on U [1] = U (1), so
both K-linear spaes are linearly topologially isomorphi. On the other hand, due to its
denition Φ¯nf(x; ∗, 0, ..., 0) is the K n-linear symmetri mapping for eah x ∈ U and it
belongs to C0(U, Ln(X
⊗n, Y )), sine Φ¯nf(x; v1, ..., vn; t1, ..., tn) is ontinuous on U
(n)
and for
eah x ∈ U and v1, ..., vn ∈ X there exist neighborhoods Vi of vi in X and W of zero in K
suh that x+WV1 + ...+WVn ⊂ U .
3. Lemma. Operators Υn(f) := f [n] from C [n](U, Y ) into C0(U [n], Y ) and Φ¯n : Cn(U, Y )→
C0(U (n), Y ) are K-linear and ontinuous.
Proof. Sine [(af + bg)(x+ vt)− (af + bg)(x)]/t = a(f(x+ vt)− f(x))/t+ b(g(x+ vt)−
g(x))/t for eah f, g ∈ C1(U, Y ) and eah a, b ∈ K, then applying this formula by indution
and using denitions of operators Υn and Φ¯n we get their K-linearity. Indeed,
Υn(af + bg)(x[n]) = Υ1(Υn−1(af + bg)(x[n−1]))(x[n]) = Υ1(af [n−1] + bg[n−1])(x[n]) =
af [n](x[n]) + bg[n](x[n]) and
Φ¯n(af + bg)(x(n)) = Φ¯1(Φ¯n−1(af + bg)(x(n−1)))(x(n)) = Φ¯1(af (n−1) + bg(n−1))(x(n)) =
af (n)(x(n)) + bg(n)(x(n)).
The ontinuity of Υn and Φ¯n follows from denitions of spaes C [n](U, Y ) and Cn(U, Y )
respetively.
4. Denitions. Let M be a manifold modelled on a topologial vetor spae X over K
suh that its atlas At(M) := {(Uj, Mφj) : j ∈ ΛM} is of lass C
α′
β′ , that is the following four
onditions are satised:
(M1) {Uj : j ∈ ΛM} is an open overing of M , Uj = MUj ,
(M2)
⋃
j∈ΛM Uj = M ,
(M3) Mφj := φj : Uj → φj(Uj) is a homeomorphism for eah j ∈ ΛM , φj(Uj) ⊂ X ,
(M4) φj ◦ φ
−1
i ∈ C
α′
β′ on its domain for eah Ui ∩ Uj 6= ∅,
where ΛM is a set, C
∞ :=
⋂∞
l=1C
l
β, C
[∞]
β :=
⋂∞
l=1C
[l]
, α′ ∈ {n, [n] : 1 ≤ n ≤ ∞}, β ∈ {∅, b},
Cα
′
∅ := C
α′
.
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Supply Cαβ (U, Y ) with the bounded-open C
α
β topology (denoted by τα,β generally or τα for
β = ∅ or for ompat U) with the base W (P, V ) = {f ∈ Cαβ (X, Y ) : S
kf |P ∈ V, k = 0, ..., n}
of neighborhoods of zero, where P is bounded and open in U ⊂ X , P ⊂ U , V is open in
Y , 0 ∈ V , Sk = Φ¯k or Sk = Υk for α = n or α = [n] respetively, v1, ..., vn ∈ (P − y0),
v
[k]
l ∈ (P − y0) for eah k, l for some marked y0 ∈ P and |tj | ≤ 1 for every j.
IfM andN are Cα
′
β manifolds on topologial vetor spaes X and Y overK, then onsider
the uniform spae Cαβ (M,N) of all mappings f : M → N suh that fj,i ∈ C
α
β on its domain
for eah j ∈ ΛN , i ∈ ΛM , where fj,i := Nφj ◦ f ◦ Mφ
−1
i is with values in Y , α ≤ α
′
. The
uniformity in Cαβ (M,N) is inherited from the uniformity in C
α
β (X, Y ) with the help of harts
of atlases of M and N . If M is ompat, then Cαb (M,N) and C
α(M,N) oinide.
The family of all homeomorphisms f : M → M of lass Cαβ denote by Diff
α
β (M).
Let γ be a set, then denote by c0(γ,K) the normed spae onsisting of all vetors x =
{xj ∈ K : j ∈ γ, for eah ǫ > 0 the set {j : |xj | > ǫ} is nite }, where ‖x‖ := supj∈γ |xj|. In
view of the Kuratowski-Zorn lemma it is onvenient to onsider γ as an ordinal. Heneforth,
suppose that X = c0(γX,K) and Y = c0(γY ,K).
5. Theorem. The uniform spae Diffαb (M) (see 4) is the topologial group relative to
ompositions of mappings.
Proof. The group operation in Diffαβ (M) is (f, g) 7→ f ◦ g, where f ◦ g(x) := f(g(x))
for eah x ∈ M . Then f = id is the unit element in Diffαβ (M), where id(x) = x for eah
x ∈ M . Sine the omposition of mappings is assoiative, then f ◦ (g ◦ h) = (f ◦ g) ◦ h is
assoiative as the group operation. For eah f ∈ Diffαβ there exists its inverse mapping f
−1
suh that f−1(y) = x for eah y = f(x), x ∈ M , sine f : M → M is the homeomorphism.
It remains to verify that f−1 ∈ Diffαβ (M) for eah f ∈ Diff
α
β (M) and the omposition
(Diffαβ )
2 ∋ (f, g) 7→ f ◦ g ∈ Diffαβ (M) and inversion f 7→ f
−1
are ontinuous operations.
In the normed spae Y = c0(γY ,K) a subspae spanK{ej : j ∈ γX} onsisting of all nite
K-linear ombinations of vetors ej = (0, ..., 0, 1, 0, ...) with 1 on the j-th plae is everywhere
dense. Therefore, eah f ∈ Cαb (U, Y ) is the uniform limit of mappings (f1, ..., fj , 0, ...) ∈
Cαb (U, Y ) together with Φ¯
kf or Υkf on bounded subsets of U and U (k) or U [k] for 1 ≤ k ≤ n,
n ∈ N, n ≤ α. In partiular, onsider Nφl ◦f ◦ Mφ
−1
i for f ∈ C
α
b (M,N) taking U as a nite
union of Mφi( MUj). Consider all possible embeddings ofK
v
intoX , partiularly, ontaining
x(k) or x[k] for eah 0 ≤ k ≤ n, where n ∈ N, n ≤ α. In view of Formulas 6(1) or 7(1) of the
Appendix using restritions on dierent embedded subspaes K[k] or K(k) into X [k] or X(k)
and uniform ontinuity of Υk and Φ¯k on bounded open subsets, k = 0, 1, 2, ..., we get, that
f ◦ g ∈ Cαb (M,M) for eah f, g ∈ Diff
α
b (M), sine fl,s ◦ gs,i ∈ C
α
b (Ul,s,i, X) on orresponding
domains Ul,s,i in X . From f, g ∈ Hom(M,M) it follows, that f ◦ g ∈ Hom(M,M), hene
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f ◦ g ∈ Diffαb (M). Applying to idl,i = f
−1
l,s ◦ fs,i on orresponding domains Formulas A.6(1)
or A.7(1) and restriting on dierent embedded subspaes K[k] or K(k) in X [k] or X(k) and
using uniform ontinuity on bounded open subsets for Υk or Φ¯k, k = 0, 1, 2, ..., to both sides
of this equality gives that f−1 ∈ Diffαb (M) for eah f ∈ Diff
α
b (M).
The spae Cφb (U, Y ) is normed for U bounded in X for φ ∈ {n, [n]} with n ∈ N suh that
(1) ‖f‖Cn
b
(U,Y ) := sup0≤k≤n;z∈V (k) ‖Φ¯
kf(z)‖Y or
(2) ‖f‖
C
[n]
b
(U,Y )
:= sup0≤k≤n;z∈V [k] ‖Υ
kf(z)‖Y ,
where V (k) := {z ∈ U (k) : z = (x; v1, v2, ...; t1, t2, ...), ‖vj‖X = 1∀j}, V
[k] := {z = x[k] ∈ U [k] :
‖v
[k−1]
1 ‖X = 1, | lv
[q]
2 tq+1| ≤ 1, |v
[q]
3 | ≤ 1 ∀l, q}. The uniformity of C
∞
b (U, Y ) or C
[∞]
b (U, Y )
is dened by the family of suh norms. Then the uniformity in Cαb (M,N) is indued by the
uniformity in Cαb (U, Y ) by all bounded subsets U in nite unions of Mφi( MUi), sine to eah
f ∈ Cαb (M,N) there orresponds fj,i = Nφj ◦ f ◦ Mφ
−1
i in C
α
b (Uj,i, Y ) with a orresponding
domain Uj,i ⊂ X . Then appliation of Formulas A.6(1) or A.7(1) by indution on k and
restriting on dierent embedded subspaes K[k] or K(k) in X [k] or X(k) and using uniform
ontinuity on bounded open subsets gives that (f, g) 7→ f−1 ◦ g is Cαb uniformly ontinuous
on bounded subsets of U and U (k) or U [k], where U is a nite union of harts Uj of M .
6. Denition. A topologial group G is alled a Cαβ Lie group if and only if G has
a struture of a Cα
′
β manifold and the mapping G
2 ∋ (f, g) 7→ f−1g ∈ G is of lass of
smoothness Cαβ , where α ≤ α
′
.
7. Theorem. If M is a Cαb manifold on X = c0(γX ,K), where either α = ∞ or
α = [∞], then Diffαb (M) is the C
α
b Lie group.
Proof. In view of Theorem 5 it remains to demonstrate that G an be supplied with
a struture of Cαb manifold and that G
2 ∋ (f, g) 7→ f−1g ∈ G is of lass of smoothness
Cαb . It is possible to take an equivalent atlas of M onsisting of lopen (losed and open
simultaneously) harts Uj shrinking it a little in ase of neessity. Take a base W of neigh-
borhoods of id in Diffαb (M) from the proof of Theorem 5. Then onsider a subgroup Ω in
Diffαb (M) suh that ΩW overs Diff
α
b (M) for eah W ∈ W, where ΩW := {gW : g ∈ Ω},
gW := {gf : f ∈ W}. Therefore, the base ΩW generates a topology in Diffαb (M) equiva-
lent with the initial one (see Chapter 8 in [11℄). Moreover, ΩW generates a left uniformity
in the group of dieomorphisms.
Consider a subset WU := {f |U ∈ W : f ∈ Diff
α
b (M)} for a bounded open U in Uj for
some j ∈ ΛM . Then φi◦(gWU)◦φ
−1
j ⊂ C
α
b (Vj , X) and φi◦(gWU) ⊂ C
α
b (U,X) for eah i, where
Vj := φj(Uj) ⊂ X . Therefore, gWU ∩ hWV = {f ∈ Diff
α
b (M) : g
−1f |U ∈ W,h
−1f |V ∈ W},
WU ∩ WV = {f ∈ Diff
α
b (M) : f |U∪V ∈ W}. Put ψi,g,j := φi ⊗ g
−1 ⊗ φ−1j suh that
ψi,g,j(gWU) := φi ◦ g
−1((gWU) ◦ φ
−1
j ) ⊂ C
α
b (A,X), where A = φj(U), ψ
−1
l,h,b := φ
−1
l ⊗ h⊗ φb,
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hene ψ−1l,h,b ◦ ψi,g,j(gWU ∩ hWV ) = (φ
−1
l ◦ φi) ◦ h(WU ∩ g
−1hWV ) ◦ (φ
−1
b ◦ φj)
−1
for U ⊂ Uj ,
V ⊂ Ub with Uj ∩Ub 6= ∅ and Ul ∩Ui 6= ∅. Thus ψi,g,j ◦ψ
−1
l,h,b gives the transition mapping for
Diffαb (M). On the other hand, eah C
α
b (A,X) has the natural embedding into C
α
b (X,X),
sine X is totally disonneted and A an be taken lopen in X suh that eah f ∈ Cαb (A,X)
has a Cαb (X,X) extension. For Uj ∩ Ub 6= ∅ the intersetion WU ∩WV is non void.
Take At(Diffαb (M)) := {(Wg,U , ψi,g,j) : g ∈ Ω, i, j ∈ ΛM} with harts Wg,U := gWU ,
W ∈ W and g ∈ Ω, U bounded in some Uj and with transition mappings ψi,g,j ◦ ψ
−1
l,h,b
for Wh,U and Wg,V when U ∩ V 6= ∅. Sine ψi,g,j ◦ ψ
−1
l,h,b ∈ C
α
b , then this is the C
α
b atlas.
The mapping (f, g) 7→ f−1g is of lass Cαb (Diff
α
b (M), Diff
α
b (M)) due to Formulas A.6(1)
and A.7(1), sine the mappings (fi,j , gi,l) 7→ f
−1
i,j ◦ gi,l from C
α
b (U,X) into C
α
b (V,X) with
U ⊂ φl(Ul) 6= ∅ and V ⊂ φj(Uj) are of lass C
α
b .
8. Theorem. If an ultrametri eld K is omplete relative to its multipliative norm
and α ≥ 1, then Diffαb (M) is omplete as a left uniform spae.
Proof. Reall some fats about uniform spaes. A subset A of the produt S × S
of a set S is alled a relation in S. The relation inverse to A is denoted −A suh that
−A = {(x, y) : (y, x) ∈ A} and the omposition of relations is denoted A + B suh that
A + B = {(x, z) : there exists a y ∈ S suh that (x, y) ∈ A and (y, z) ∈ B}. Denote by
∆ := {(x, x) : x ∈ S} the diagonal of the produt S × S. Every subset in S × S ontaining
∆ is alled an entourage of the diagonal ∆. The family of all entourages of the diagonal is
denoted by DS. One writes |x − y| < V if (x, y) ∈ V and one says that x and y are at a
distane less than V . If the ondition |x−y| < V is not satised, then one writes |x−y| ≥ V .
If A ⊂ S and |x − y| < V for eah x, y ∈ A, then one says that the diameter δ(A) of A is
less than V . Denote 1A := A, nA := (n− 1)A+ A.
A uniformity U in a set S is a non-empty subfamily in DS satisfying the following four
onditions:
(U1) If V ∈ U and V ⊂W ∈ DS, then W ∈ U ;
(U2) If V1, V2 ∈ U , then V1 ∩ V2 ∈ U ;
(U3) For eah V ∈ U there exists W ∈ U suh that 2W ⊂ V ;
(U4)
⋂
V ∈U V = ∆.
A topologial spae S is alled a T1 spae if for eah x 6= y ∈ S there exists an open set
U in S suh that x ∈ U and y /∈ U . A topologial spae S is alled a Tyhono spae and
it is denoted by T3 1
2
if it is a T1 spae and for eah point x ∈ S and eah losed set J in S
with x /∈ J there exists a ontinuous funtion f : S → [0, 1] ⊂ R suh that f(x) = 0 and
f(y) = 1 for eah y ∈ J . If S is a Tyhono spae then for every nite family of funtions
f1, ..., fn ∈ C
0(S,R) or C0b (S,R) the formula ρf1,...,fn(x, y) := max
n
i=1 |fi(x) − fi(y)| denes
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a pseudo-metri in S. The families of suh pseudo-metris denote by P and Pb respetively.
They generate uniformities denoted by C and Cb orrespondingly (see Chapter 8 in [11℄).
If U is a uniformity in S, then the familyO := {U ⊂ S : ∀x ∈ U∃V ∈ U suh that B(x, V ) ⊂
U} is the topology in S and it is alled the topology indued by the uniformity U .
Every overing of S for whih there exists V ∈ U suh that C(V ) is a renement of it is
alled a uniform overing relative to U , where C(V ) := {B(x, V ) : x ∈ S}, B(x, V ) := {y ∈
S : |x− y| < V }.
If (S,U) is a uniform spae and F is a family of subsets of S, then one says that F
ontains arbitrary small sets if for every V ∈ U there exists F ∈ F suh that δ(F ) < V . A
uniformity U in S is alled omplete or (S,U) is alled omplete, if for eah family of losed
subsets {Fu : u ∈ Ψ} of the topologial spae S with the topology indued by U whih has
the nite intersetion property and ontains arbitrary small sets the intersetion
⋂
u∈Ψ Fu is
non-empty.
If C is an ordered set and {xu : u ∈ C} is a net in S suh that for eah V ∈ U there
exists u0 ∈ C for whih |xu − xv| < V for eah C ∋ u, v ≥ u0, then it is alled the Cauhy
net. In aordane with theorem of Chapter 8 [11℄ a uniform spae (S,U) is omplete if and
only if eah Cauhy net in this spae is onvergent. On the other hand, eah losed subset A
of a omplete uniform spae (S,U) is omplete relative to the uniformity UA in A inherited
from U in S.
If G is a topologial group and B(e) = B is a base of neighborhoods at the unit element
e, then eah F ∈ B determines three overings of the topologial spae G: Cl(F ) = {xF :
x ∈ G}, Cr(F ) := {Fx : x ∈ G}, C(F ) := {xFy : x, y ∈ G}. By Cl, Cr and C are denoted
the families of those overings of G whih have renements of the form Cl(F ), Cr(F ) or C(F )
respetively. Eah of these families generates a uniformity in G. The topology of eah of
these uniformities is the same as the initial topology in G.
The uniform spae Cαb (M,M) is omplete for omplete M . If U is a bounded anonial
losed subset of M ontained in a nite number of harts of M , then Diffαb (U) for eah
α ≥ 1 is the neighborhood of id|U in C
α
b (U,X), sine from f ∈ C
α
b (U,X) with ‖(idi,j −
fi,j)|φj(U)‖n,U,X ≤ |π| for eah i, j and 1 ≤ n ≤ α, n ∈ N, it follows that f ∈ Diff
α
b (U),
where π ∈ K, 0 < |π| < 1, ‖ ∗ ‖n,U,X is either ‖ ∗ ‖Cn
b
(U,X) or ‖ ∗ ‖C[n]
b
(U,X)
for α ∈ N ∪ {∞}
or α ∈ {[1], [2], ...} ∪ {[∞]} respetively.
Let {fw : w ∈ C} be a Cauhy net in Diff
α
b (M), where C is a direted set. This means
that for eah neighborhood W of id in Diffαb (M) there exists w0 ∈ C suh that f
−1
w fv ∈ W
for eah w0 ≤ w, v ∈ C, hene fv ∈ fw0W for eah v ≥ w0. Sine Diff
α
b (M) ⊂ C
α
b (M,M)
and Cαb (M,M) is omplete, then fv onverges in C
α
b (M,M) to a funtion f . Uniformities in
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the latter spae and in the group of dieomorphisms are related by formulas outlined above.
We an take as W a anonial losed subset in Diffαb (M), id ∈ W . For eah bounded U in
M as above the restrition f |U is the dieomorphism of U onto f(U), f |U ∈ fw0WU .
Relative to the left uniformity in Diffαb (M) the left shift mapping Lh is uniformly
ontinuous, where Lhg := hg for eah h, g in the group. There exists a anonial losed
neighborhood U of the unit element id in Cαb (M,X) suh that it is ontained in the group,
sine α ≥ 1 and due to denitions of uniformities in them, whileM is modeled on the Banah
spae. Take a anonial losed symmetri neighborhood V in Diffαb (M), V = cl(Int(V )),
V −1 = V , suh that V 2 ⊂ U . If {gn : n} is a Cauhy net in the group, then for eah ǫ > 0
there exists n0 suh that ρ(gm, gn) < ǫ for all n,m > n0, where ρ is the left-invariant metri
in the group. This is equivalent with the fat that for eah ǫ > 0 there exists n0 so that
‖g−1n gm− id‖Cαb < ǫ in the orresponding spae for eah n,m > n0. On the other hand, there
exists h in the group and N > 0 so that Lhgm ∈ V for every m > N . If X is a Banah spae,
then from the ompleteness of Cαb (M,X), and hene of U , sine U is losed in C
α
b (M,X), it
follows, that Diffαb (M) is also omplete as the uniform spae (see also Theorems 8.3.6 and
8.3.20 [11℄).
Sine K is omplete, then X is omplete, hene X is the Banah spae. Thus Cαb (U,X) is
omplete for eah U bounded lopen subset in X . Consider a neighborhoodW from the base
of neighborhoods of id, W = WU,n,ǫ,i,j = {f ∈ Diff
α
b (M) : ‖fi,j‖n,U,X < ǫ}, where i, j ∈ ΛM ,
n ∈ N, n ≤ α, U is a lopen bounded subset in X suh that U ⊂ φj(Uj), 0 < ǫ < ∞,
‖ ∗ ‖n,U,X := ‖ ∗ ‖Cn
b
(U,X) or ‖ ∗ ‖n,U,X := ‖ ∗ ‖C[n]
b
(U,X)
respetively. Take without loss of
generality 0 < ǫ ≤ |π|. The manifoldM is on the normed spae X , hene M is paraompat
and it has a loally nite renement of its atlas (see [11℄). Eah ψi ◦ fw ◦ φ
−1
j is onverging
to a funtion denoted fi,j and by transnite indution this onsistent family {fi,j} indues
f ∈ Cαb (M,M) suh that fw onverges to f . Sine Υ
kφi ◦ fw ◦ φ
−1
j (V
[k]) is bounded for eah
V [k] orresponding to bounded U , then Υkφi ◦ f ◦ φ
−1
j (V
[k]) is bounded and ‖fi,j‖n,U,X <∞,
analogously for Φ¯kf . Thus f ∈ Cαb (M,M), onsequently, f ∈ Diff
α
b (M).
May be simply it an be proved using the tangent bundle of the group of dieomorphisms
for α ≥ 1.
9. Theorem. If a manifold M has a nite atlas having lopen bounded φj(Uj) ⊂ X,
0 ≤ α <∞, then Diffαb (M) is metrizable by a left invariant metri.
Proof. The metrization Theorem 8.3 [16℄ states that if G is a T0 topologial group, then
G is metrizable if and only if there is a ountable open basis at e. In this ase, the metri
an be taken left-invariant. If At(M) is nite suh that eah φj(Uj) is a lopen bounded
subset in X , then the base of neighborhoods of id in Diffαb (M) is ountable and Diff
α
b (M)
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is metrizable by a left invariant metri in aordane with the general metrization theorem.
Pratially take as the metri ρ(f, g) := ρ(id, f−1g) := maxi,j∈ΛM ‖idi,j − (f
−1g)i,j‖Cα
b
(Vj ,X),
where Vj := φj(Uj).
10. Remark. As it is known left and right uniformities in a topologial group may be
dierent. Here a left uniformity was onsidered above. On the same group there may exist
several topologies supplying it with strutures of a topologial group and these topologies
need not be omparable.
3 Projetive deomposition of dieomorphism groups.
1. Notations and Notes. Let M and N be ompat manifolds over a loally ompat
eld K. Suppose that M and N are embedded into B(Km, 0, 1) and B(Kn, 0, 1) as lopen
(losed and open at the same time) subsets [6, 29℄, where m, n ∈ N, B(X, y, r) := {z : z ∈
X ; dX(y, z) ≤ r} denotes a lopen ball in a spae X with an ultra-metri dX .
The unit ball B(Kn, 0, 1) has the ring struture with oordinate wise addition and multi-
pliation, where char(K) = 0 or char(K) = p > 1 is a prime number. This ring is isomorphi
to a subring of diagonal matries in the ring Mn(K) of n× n square matries over K. Then
B(Kn, 0, |π|k) for k ≥ 1, π ∈ K, 0 < |π| < 1 is its two-sided ideal, sine K is ommu-
tative and | ∗ | = | ∗ |K is the multipliative norm in K. Thus there exists the quotient
ring B(Kn, 0, 1)/B(Kn, 0, |π|k) [4℄. The ring B(Kn, 0, 1) is algebraially isomorphi with the
projetive limit B(Kn, 0, 1) = pr − limk Spk
n
, Spk is a nite ring onsisting of p
kc
elements
suh that Spk = Spk(K) is equal to the quotient ring B(K, 0, 1)/B(K, 0, p
−k), Spk
n = Spk
⊗n
is an external produt of n opies of Spk , c is a natural number. Though their struture de-
pends on char(K) we denote these rings by the same symbol depending on K and omitting
it, when a eld is speied. In partiular B(Fpn(θ), 0, 1)/B(Fpn(θ), 0, p
−k) = (Fpn)
⊗pk =
Spnk = Spnk(Fpn(θ)) and B(Qp, 0, 1)/B(Qp, 0, p
−k) = Zp/(p
kZp) = Spk = Spk(Qp) are
nite rings onsisting of pnk and pk elements respetively, Zp is the ring of p-adi integer
numbers, aB := {x : x = ab, b ∈ B} for a multipliative group B and its element a ∈ B,
k ∈ N [37, 42℄. The quotient mapping πk : K → K/B(K, 0, p
−k) is dened as well, where
k ∈ N.
Deompositions of ontinuous and dierentiable funtions on ompat subsets of loally
ompat elds K of zero and non-zero harateristis with values in K into series of poly-
nomials were studied in [1, 39, 7℄ and referenes therein. Eah funtion f ∈ Ct(M,N) has a
Ct(B(Km, 0, 1),Kn)-extension by zero on B(Km, 0, 1). Therefore, it has the deomposition
(1) f =
∑
l,m f
l
mQ¯mel
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in the Amie's basis Q¯m, where el is the standard orthonormal in the non-arhimedean sense
[37℄ basis in Kn suh that el = (0, ..., 0, 1, 0, ...) with 1 in the l-th plae, m ∈ Z
n
, ml ≥ 0,
m = (m1, ..., mn), f
l
m ∈ K are expansion oeients suh that liml+|m|→∞ |f
l
m|KJ(t,m) = 0,
Q¯m are polynomials on B(K
m, 0, 1) with values in K, J(t,m) := ‖Q¯m‖Ct
b
(B(Km,0,1),K). The
spae Ct(M,N) is supplied with the uniformity inherited from the spae Ctb(K
m,Kn).
2. Lemma. Eah f ∈ Ct(M,N) is a projetive limit f = pr − limk fk of polynomials
fk =
∑
l,m f
l
m,kQ¯m,kel on rings S
m
pk
= Sm
pk
(K) with values in Sn
pk
= Sn
pk
(K), where f lm,k ∈ Spk
and Q¯m,k are polynomials on S
m
pk
with values in Spk.
Proof. For eah m ≥ k onsider the quotient mappings (ring homomorphisms): πm :
B(K, 0, 1) → Spm and π
m
k : Spm → Spk (see 1). This indues the quotient mappings
πm : N → Nm and π
m
k : Nm → Nk, where Nm ⊂ Spm , π
m
k ◦ πm = πk, π
k
k = idk : Spk → Spk .
Let now M and N be two analyti ompat manifolds embedded into B(Km, 0, 1) and
B(Kn, 0, 1) respetively as lopen subsets and f ∈ Ct(M,N), where Ct(M,N) denotes the
spae of funtions f : M → N of lass Ct, t ≥ 0. There exists s ∈ N suh that if
x ∈ M and y ∈ N , then B(Km, x, p−s) ⊂ M and B(Kn, y, p−s) ⊂ N . Therefore, onsider
the onal set Λs := {k : k ≥ s, k ∈ N} in N. For an integer t it is a spae of t-times
ontinuously dieretiable funtions in the sense of partial dierene quotients (see Setion 2
and [21, 23, 39℄). Thus f = pr − limk fk, where fk := π
∗
k(f), π
∗
k is naturally indued by πk
using the polynomial expansion of f (see in details below), where suh deomposition exists
for eah ontinuous f : M → N due to Formula 1(1) (for the limit of an inverse sequene,
see [4℄, 2.5 [11℄ and 3.3, 12.202 [31℄). Put Ct(Mk, Nk) := π
∗
k ◦ C
t(M,N) = {fk : f ∈
Ct(M,N)}, hene
(1) Ct(M,N) ⊂ pr − limk C
t(Mk, Nk)
algebraially without taking into aount topologies. Thus write it in the form:
(2) Ct(M,N) = T − pr − lim{Ct(Mk, Nk), π
k
l ,Λs|C
t(M,N)} algebraially, where
(3) T − pr − lim{Pk, π
k
l ,Λ|G} := {f : pr − lim{fk, π
k
l ,Λ} = f, f ∈ G, fk ∈ Pk ∀k ∈ Λ}
denotes the onditional projetive limit with a ondition G, sine T−pr−lim{Pk, π
k
l ,Λ|G} =
G ∩ pr − lim{Pk, π
k
l ,Λ}.
Indeed, in aordane with 1 fk = π
∗
k(f) and
(4) π∗k(f(x)) =
∑
l,m(πk(f
l
m)(π
∗
kQ¯m(x))el,
sine πk is the ring homomorphism and πk(el) = el. Then πk(ax
m) = akx
m(k) for eah a ∈ K
and x ∈ B(Km, 0, 1), where xm = xm11 ...x
mm
m
, ak = πk(a) with ak ∈ Spk and x
m(k) := πk(x
m)
with x(k) ∈ Sm
pk
, hene
(5) π∗k(Q¯m(x)) = Q¯m,k(x(k)).
If Q¯m(x) =
∑
q,0≤qj≤mj∀j bqx
q
, where q = (q1, ..., qm), m = (m1, ..., mm), mj ∈ {0, 1, 2, ...} =:
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N0, j = 1, ...,m, bq ∈ K, x
q := xq11 ...x
qm
m
, then
Q¯m,k(x(k)) =
∑
q,0≤qj≤mj∀j πk(bq)x(k)
q
,
x(k) = (πk(x1), ..., πk(xm)), sine πk : K→ K/B(K, 0, p
−k) is dened as well. The series for
fk is nite, sine πk(a) = 0 for eah a ∈ K with |a| < p
−k
and
(6) liml+|m|→∞ |f
l
m|KJ(t,m) = 0. Therefore,
(7) f(x) = pr − lim{fk(x(k)), π
k
l ,Λs} for eah x ∈M .
As shows this proof the index t an be omitted from Ct(Mk, Nk), where k ∈ Λs. More
preisely we have the following orollary.
3. Corolary. The spae Ct(Mk, Nk) is independent from t and it is algebraially iso-
morphi with the spae NMkk of all mappings from Mk into Nk for eah k ∈ Λs. Moreover,
(Sn
pk
)
(Sm
pk
)
is a nite-dimensional spae over the ring Spk .
Proof. In view of Lemma 2 in the module Ct(Sm
pk
,Spk) of the ring Spk there is only a
nite number of Spk-linearly independent polynomilas Q¯m,k(x(k)), sine the rings S
m
pk
and
Spk are nite, also z
a = zb for eah natural numbers a and b suh that a = b (mod (pk)) and
eah z ∈ Spk . The spae C
t(Mk, Nk) is isomorphi with N
Mk
k , sine Mk and Nk are disrete.
Therefore, denote Ct(Mk, Nk) by C(Mk, Nk).
4. Corollary. There exists the group π∗k ◦ Diff
α(M) isomorphi with the symmetri
group Σnk for every k ∈ Λs, where nk is the ardinality of Mk, α ∈ {n, [n] : 0 ≤ n ≤ ∞}.
Proof. For eah k ∈ Λs there exists the mapping πk : M → Mk (see the proof of lemma
2). Sine πk is the quotient ontinuous mapping, then πk(M) = Mk. If f : M → M is a
ontinuous epimorphism, f(M) = M , then πk(f(M)) = Mk. Let z ∈Mk, k ∈ Λs, then there
exists x ∈ M suh that πk(x) = z, hene fk(z) = π
∗
k(f(π
−1
k (z))) due to Formulas 2(4, 5),
sine πk(π
−1
k (z)) = z and πk(x) = x(k) = z. Then π
−1
k (Mk) = M and π
∗
k
−1(fk(Mk)) =⋃
z∈Mk{f(x) : x ∈ π
−1
k (z)}, onsequently, π
∗
k
−1(fk(Mk)) = M , sine for eah x ∈ M there
exists z ∈ Mk suh that πk(x) = z. Therefore, if h ∈ Diff
α(M), then hk(Mk) = Mk, sine
h(M) = M and Mk is nite. In aordane with Theorem 3.2.14 [11℄ if {φ, fσ′} is a mapping
of an inverse spetrum {Xσ, π
σ
ρ ,Ψ} of ompats into an inverse spetrum {Yσ′ , π
σ′
ρ′ ,Ψ
′} of
T1-spaes and all fσ′ are epimorphisms on Yσ′ , then the limit mapping f = pr− lim{φ, fσ′} is
also the epimorphism. In view of Corollary 3 π∗k ◦Diff
α(M) is algebraially isomorphi with
the following disrete group Hom(Mk) of all homeomorphisms hk of Mk, that is, bijetive
surjetive mappings hk : Mk → Mk. Using an enumeration of elements of Mk we get an
isomorphism of Hom(Mk) with Σnk .
5. Suppose that Cw(M,N) := pr− limk{N
Mk
k , π
k
l ,Λs} is an uniform spae of ontinuous
mappings f : M → N supplied with an uniformity and projetive weak topology as well
inherited from produts of uniform spaes
∏∞
k=1N
Mk
k (see also 8.2 [11℄ and 1 above). Denote
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the orresponding projetive weak topology in Cw(M,N) by τw. The spaes C
α(M,N) and
Cw(M,N) are subsets of K-linear spaes C
α(M,Kn) and C0(M,Kn) respetively. Supply
with algebrai strutures subsets of the latter K-linear spaes as inherited from them.
Corollary. The uniform spae Cα(M,N) is not algebraially isomorphi with Cw(M,N),
when α > 0. The topologial spae Cw(M,N) is ompat.
Proof. In aordane with appendix in [4℄ and 2.5 [11℄ and Formulas 2(1−6) above the
spaes C0(M,N) and Cw(M,N) oinide algebraially, sine the onneting mappings π
m
n are
uniformly ontinuous for eah m ≥ n. The spae C0(M,Kn) is K-linear and its uniformity
is ompletely determined by a neighborhood base of zero. The spae Cw(M,N) is uniformly
homeomorphi with pr − limk(Spk)
Mk
, whih is ompat by the Tyhono Theorem 3.2.4
[11℄. Sine C0(M,N) 6= Cα(M,N) for α > 0, then Cw(M,N) and C
α(M,N) are dierent
algebraially see Formulas 2(1− 3)).
Remark. In general in two onsequtive projetive limits of topologial spaes two limits
may be non ommuting.
6. Suppose that Diffw(M) := pr− limkHom(Mk) is supplied with the uniformity inher-
ited from Cw(M,M). The group Diffw(M) is alled the non-arhimedean ompatiation
of Diffα(M).
Theorem. The group Diffw(M) is the ompat topologial group and it is the ompat-
iation of Diffα(M) in the projetive weak topology τw. If α > 0, then Diff
α(M) does
not oinide with Diffw(M).
Proof. From Diffα(M) ⊂ Cα(M,M) it follows that Diffα(M) has the orresponding
algebrai embedding into Cw(M,M) as the set. Sine Cw(M,M) is ompat and Hom(M) is
a losed subset in Cw(M,M), then due to Corollary 5 Hom(M)∩Cw(M,M) = Diffw(M) is
ompat. The topologial spae Cα(M,M) is dense in C0(M,M), onsequently, Diffα(M)
is dense in Diffw(M). If α > 0, then Diff
α(M) 6= Hom(M), hene Diffα(M) and
Diffw(M) do not oinide algebraially. It remains to verify, that Diffw(M) is the topo-
logial group in its projetive weak topology τw. If f, g ∈ C
α(M,N), then π∗k(Q¯m(g(x))) =
Q¯m,k(gk(x(k)) due to Formula 2(4), onsequently, π
∗
k(f ◦ g) =
∑
l,m πk(f
l
m)Q¯m,k(gk(x(k))el,
hene
(1) (f ◦ g)k = fk ◦ gk.
Sine πk(x) = x(k), then π
∗
k(id(x)) = idk(x(k)), where id(x) = x for eah x ∈ M . Therefore,
for f = g−1 we have (f ◦ g)k = fk ◦ gk = idk, hene
(2) π∗k(g
−1) = g−1k .
The assoiativity of the omposition (fk ◦ gk) ◦ hk = fk ◦ (gk ◦ hk) of all funtions fk, gk, hk ∈
Hom(Mk) together with others properties given above means, that Diffw(M) is the alge-
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brai group.
Indeed, inverse limits of mappings f = pr− limk fk, g = pr− limk gk and h = pr− limk hk
satisfy the assoiativity axiom as well, eah f has the inverse element f−1 = pr−limk f
−1
k suh
that f−1(f(x)) = id and e = id is the unit element. By the denition of the weak topology
in Diffw(M) for eah neighborhood of e = id in Diffw(M) there exists k ∈ N and a subset
Wk ⊂ Hom(Mk) suh that ek ∈ π
−1
k (Wk) ⊂ W . On the other hand, Hom(Mk) is disrete,
hene there are ek ∈ Vk ⊂ Hom(Mk) and ek ∈ Uk ⊂ Hom(Mk) suh that VkUk ⊂ Wk, hene
there are neighborhoods e ∈ V ⊂ Diffw(M) and e ∈ U ⊂ Diffw(M) suh that V U ⊂ W ,
where V = π−1k (Vk), U = π
−1
k (Uk) and V U = {h : h = f ◦ g, f ∈ V, g ∈ U}. Consider a
neighborhood W ′ of f−1, then V := W ′f−1 is the neighborhood of e and there exists k ∈ N
suh that π−1k (ek) =: U ⊂ V
−1
, sine e−1k = ek and πk is the homomorphism. Thus, fU := W
is the neighborhood of f suh that W−1 ⊂ W ′, hene the inversion operation f 7→ f−1 is
ontinuous.
7. Theorem. The initial Cα topology τα and the weak projetive limit topology τw in
Diffα(M) are inomparable, where M is ompat.
Proof. Remind that a topology O1 in a topologial spae F is alled weaker, than a
topology O2, if O1 ⊂ O2 or one says that O2 is stronger than O1. Up to a dieomorphism
as above onsider M lopen in B(Kn, 0, 1). Sine Diffβ(M) is ontained in Diffα(M) for
eah β > α ≥ 0 and τβ is stronger than τα in Diff
β(M), then it is suient to prove this
theorem for α ≥ 1. Eah projetion π∗k : C
α(M,Kn)→ (Knk)
Mk
indues the quotient metri
ρk in the Kk-module (K
n
k)
Mk
suh that ρk(fk, gk) := infz,πk(z)=0 ‖f − g + z‖Cα(M,Kn), where
Kk := K/B(K, 0, p
−k) is the quotient ring and πk is indued by suh quotient mapping from
K onto Kk.
In view of the Kaplansky theorem whih is the non-arhimedean analog of the Stone-
Weierstrass theorem and true over elds of zero and non-zero harateristis in
Cα(B(Kn, 0, 1),K) the set of polynomials is dense [39, 7℄. Thus after appliation of the
quotient mapping we get that in the module C(Spk
n,Spk) over the nite ring Spk the set of
polynomials is dense. Moreover, eah ontinuous funtion has a deomposition into onverg-
ing series of polynomials. The loally ompat eld K is ommutative [42℄, hene the ring
Spk is ommutative. This means that the multipliative group Spk
∗ := Spk \ {0} is ommu-
tative and onsists of pk − 1 elements. Thus, if 0 6= x ∈ Spk , then x
pk = 1. Therefore, over
Spk the set of polynomials is nite dimensional, hene eah fk ∈ C(Spk
n,Spk) is polynomial
over Spk .
Again onsider Cα(B(Kn, 0, 1),K), whih is the algebra over K. If fi(x) = xi, where
x = (x1, ..., xn) ∈ B(K
n, 0, 1), then
∏
n
i=1 fi(x)
si =
∏
n
i=1 x
si
i ∈ C
α(B(Kn, 0, 1),K), where
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xsi :=
∏s
j=1(xi)j with (xi)j = xi for eah j, where s, si ∈ N. In partiular, it ontains a
subalgebra Ak ontaining all onstants from K and all polynomials of the form
(1)
∑
k1=pkl(1),...,kn=pkl(n) ak1,...,knx
k1
1 ...x
kn
n
,
where ak1,...,kn ∈ K, l(i) ∈ {0, 1, 2, ...} with
(2)
∑
k1=pkl(1),...,kn=pkl(n) ak1,...,kn = 0, 1 ≤ k ∈ Z.
This algebra Ak over K separates points in C
α(B(Kn, 0, 1),K) and by the Kaplansky
theorem Ak is everywhere dense in C
α(B(Kn, 0, 1),K)). But πk(x
ki
i ) = (πk(x
pk
i ))
l(i) = 1 for
eah i and ki = p
kl(i) with l(i) ∈ {0, 1, 2, ...}. Consider a polynomial with values in Kn of
the form
(3) f = id +
∑
n
i=1
∑
k1=pkl(1),...,kn=pkl(n) ai,k1,...,knx
k1
1 ...x
kn
n
ei,
where (f − id) ∈ Ank, |ai,k1,...,kn| ≤ |π| for eah i, l(1), ..., l(n), where π ∈ B(K, 0, 1), |π| < 1,
|π| = max{y ∈ ΓK : 0 < y < 1}. Then ‖f − id‖Cα(B(Kn,0,1),K) ≤ |π|, onsequently, f is the
isometry and f ∈ Diffα(M) and inevitably
fk := π
∗
k(f) = π
∗
k(id) +
∑
n
i=1
∑
k1=pkl(1),...,kn=pkl(n) πk(ai,k1,...,kn)ei = π
∗
k(id)
due to Condition (2). Therefore, (π∗k)
−1(ek) is everywhere dense in a neighborhood of e =
id in Diffα(M), where ek ∈ π
∗
k(Diff
α(M)) = Hom(Mk) is the unit element, k > 1,
card(Mk) > 1, Hom(Mk) is the symmetri group of Mk elements.
On the other hand, there is c = card(R) elements f ∈ Diffα(M) with
‖f − id‖Cα(B(Kn,0,1),K) ≤ |π| suh that
f = id+
∑
n
i=1
∑
k1=pkl(1),...,kn=pkl(n) ai,k1,...,knx
k1
1 ...x
kn
n
ei, but with∑
k1=pkl(1),...,kn=pkl(n) ai,k1,...,kn 6= 0 for whih π
∗
k(f) 6= ek.
Thus the set π∗k
−1(ek) is open in (Diff
α(M), τw), but π
∗
k
−1(ek) /∈ τα. At the same time,
{f ∈ Diffα(M) : ‖f − id‖Cα(B(Kn,0,1),Kn) ≤ |π|} is open in (Diff
α(M), τα), but it is not
open in τw topology. This proves the assertion of this theorem, sine neither τα nor τw is
weaker among two of them and they are dierent.
8. Theorem. Let M be a Cα manifold nite dimensional over a non-arhimedean
innite eld K with a non trivial multipliative norm omplete relative to its uniformity,
where K may be non loally ompat. Suppose that Diffαb (M) is the group of all uniformly
Cα ontinuous dieomorphisms of M , where M is embedded into Kn as the bounded lopen
subset, α ∈ {t, [t]}, 1 ≤ t ≤ ∞. Then Gs := {g ∈ Diff
α
b (M) : ‖g − id‖Cα(M,Kn) < |π|
s} has
a non-arhimedean ompletion, whih is a group, where π ∈ K, |π| < 1, 1 ≤ s ∈ N.
Proof. If g ∈ Gs, then g is the isometry: |g(x)− g(y)| = |x− y| for eah x, y ∈ M ⊂ K
n
,
sine 1 ≤ t and g(x) − g(y) = Φ¯1g(x; x − y; 1), where 1 ≤ s. Without loss of generality
up to an ane dieomorphism of Kn we an onsider, that M ⊂ B(Kn, 0, 1). Consider the
ring homomorphism πk : B(K
n, 0, 1) → B(Kn, 0, 1)/B(Kn, 0, |π|k), where the quotient ring
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is disrete and an be supplied with the quotient norm. Then πk(M) =: Mk is the disrete
topologial spae.
Sine M is lopen in Kn then eah g ∈ Diffαb (M) has the extension as id on K
n \M .
Therefore, without loss of generality onsider M suh that there exists q ∈ N for whih from
x ∈ M it follows that B(Kn, x, |π|q) ⊂ M . Consider the onal set Λq := {k ∈ N : k ≥ q}.
If g ∈ Gs, then
(1) g(B(Kn, x, |π|k)) = B(Kn, g(x), |π|k) for eah B(Kn, x, |π|k) ⊂ M , sine g is the
isometry. Consequently,
(2) f ◦ g(B(Kn, x, |π|k)) = f(B(Kn, g(x), |π|k)) = B(Kn, f(g(x)), |π|k) and
g−1(B(Kn, x, |π|k) = B(Kn, g−1(x), |π|k) for eah f, g ∈ Gs.
Therefore, g and πk generate the natural mapping kg : Mk →Mk suh that it is bijetive
and epimorphi, sine π−1k (z) = B(K
n, x, |π|k) for eah z ∈ πk(B(K
n, 0, 1)), and
(3) B(Kn, x, |π|k) = x + B(Kn, 0, |π|k), where x ∈ B(Kn, 0, 1) is suh that πk(x) = z,
π∗k(g(x)) = kg(z) := πk ◦ g ◦ π
−1
k (z) for eah z ∈ Mk. Thus due to Equations (1 − 3) there
exists the disrete group π∗k(Gs) =: kGs and π
l
k( lGs) = kGs for eah l ≥ k, where π
l
k are
mappings of the inverse system suh that πlk ◦ πl = πk suh that π
l
k and πl, πk are algebrai
homomorphisms, πlk are written without star for simpliity of notation. As in Theorem 6
it gives the inverse sequene of disrete groups S = { lGs, π
l
k,Λq}. In view of Lemma 2.5.9
[11℄ if {φ, fσ′} is a mapping of an inverse system S = {Xσ, π
σ
ρ ,Ψ} into an inverse system
S ′ = {Yσ′ , π
σ′
ρ′ ,Ψ
′} and all mappings fσ′ are injetive, then the limit mapping f = lim{φ, fσ′}
is also injetive. If moreover, all fσ′ are surjetive, then f is also surjetive.
Eah disrete topologial group is omplete relative to its left uniformity generated by
its topology. Thus, the limit limS of the inverse system of disrete groups is the Tyhono
topologial group relative to the projetive weak topology inherited from the produt Ty-
hono topology τw, G ⊂ limS ⊂
∏
l∈Λq lGs. Moreover, limS =: G
w
s is the omplete uniform
spae with the left uniformity Tw generated by the left shifts and the neighborhood base of
e in Gws , sine eah kGs is omplete (see Theorems 2.5.13, 8.3.6 and 8.3.9 [11℄). We have
that algebraially Gs ⊂ G
w
s , Gs is the topologial group relative to the topology inherited
from Gws . In view of Theorem 7 the τw|Gs topology is inomparable with the C
α
b uniformly
bounded ontinuous topology.
9. Corollary. Let Diffαb (M) be the group as in Theorem 8. Then Diff
α
b (M) has the
non-arhimedean ompletion whih is the topologial group.
Proof. Let Gs be the subgroup as in Theorem 8, then Gs is lopen in Diff
α
b (M). There
exists a family gj ∈ Diff
α
b (M) suh that
⋃
j∈Ψ gjGs = Diff
α
b (M), where Ψ is a set. We
have that gGs is lopen in Diff
α
b (M) for eah g ∈ Diff
α
b (M), sine Lg : Diff
α
b (M) →
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Diffαb (M) is the homeomorphism, where Lg(h) = gh for eah g, h ∈ Diff
α
b (M). Then
gjGs ∩ giGs = gj(Gs ∩ g
−1
j giGs). Let gj0 = id and gj 6= id for eah j 6= j0.
The group Diffαb (M) is metrizable, sine C
α
b (M,K
n) ⊂ Cαb (B(K
n, 0, 1),Kn) is metriz-
able, hene it is paraompat. Eah two balls in Cαb (M,K
n) either are disjoint or oinide,
sine it is the normed spae. We have that Diffαb (M) is ontained in C
α
b (M,K
n) and at the
same time Diffαb (M) is the neighborhood of id in C
α
b (M,K
n), B(Cαb (M,K
n), id, |π|s) = Gs
for s ≥ 1 and 1 ≤ t, α ∈ {t, [t]}. Therefore hoose Ψ suh that gjGs ∩ giGs = ∅ for eah
i 6= j ∈ Ψ, hene g−1i gj /∈ Gs for eah i 6= j.
The minimal group gr(
⋃
j∈Ψ gjGs) = Diff
α
b (M) and it is ontained in the minimal alge-
brai group gr(
⋃
j∈Ψ gjG
w
s ) =: G
w
. Supply the latter group with the uniformity Tw indued
from the base of neighborhoods of e in Gws with the help of left shifts. Then the restrition
of Tw on G
w
s oinides with that of Tw in Theorem 8. Sine G
w
s is lopen in G
w
and Gws is
omplete, then for eah Cauhy net {hq : q ∈ ν} in G
w
, where ν is an ordered set, there
exists q0 suh that for eah q, l ≥ q0 there is the inlusion h
−1
q hl ∈ G
w
s , hene {h
−1
q0
hl : l > q0}
onverges in Gws to some gs ∈ G
w
s , sine G
w
s is omplete, onsequently, {hq : q ∈ ν} onverges
in Gw to hq0gs ∈ G
w
and inevitably Gw is omplete (see also Theorem 8.3.20 [11℄). This Gw
is the desired non-arhimedean ompletion.
4 Example of the group of dieomorphisms.
This setion ontains the example of the group of dieomorphisms. It illustrates the general
theory. For the group of dieomorphisms of Zp of lass C
t
, where 0 ≤ t ≤ ∞, formulas for
expansion oeients in the Mahler base of ompositions g ◦ f and inverse elements f−1 of
dieomorphisms f and g are found.
Let Ct be a lass of smoothness of funtions f : M → K as in 1 (see also [1, 39, 21, 22℄),
where M is a Banah manifold over a omplete (as an uniform spae) non-Arhimedean
innite eld K with non-trivial valuation and of zero harateristi char(K) = 0. Suppose
that Lbf(x) := f(x+ b) is a shift operator, ∆bf(x) := (Lb − I)f(x) is a dierene operator,
L0 = I, ∆0 = I, L := L1, ∆ := ∆1, where x, b ∈ K. For a produt of two funtions
f, g : K→ K there are formulas:
(1) ∆[f(x)g(x)] = (∆f)(x)(Lg)(x) + f(x)(∆g)(x) and
(2) L∆ = ∆L. Therefore,
∆k[f(x)g(x)] =
∑k
j=0
(
k
j
)
[∆jf(x)]Lj [∆k−jg(x)] for eah k ∈ N, onsequently,
(3) ∆kf1(x)...fn(x) =
∑
k1+...+kn=k(k!/(k1!...kn!))[∆
k1f1(x)]L
k1 [∆k2f2(x)]L
k2 ...
[∆kn−1fn−1(x)]L
kn−1 [∆knfn(x)], where L
kj
ats on all funtions situated on the right from it.
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If f ∈ Ct(Zp,Qp), then there is its expansion in the Mahler base
(
x
n
)
as a series:
(4) f(x) =
∑∞
j=0 fj
(
x
j
)
, where fj ∈ Qp,
(5) limj→∞ |fj |j
t = 0 for 0 ≤ t <∞ and
(6) fj = [∆
jf(x)]|x=0, sine
(7) ∆
(
x
j
)
=
(
x
j−1
)
for eah j ∈ N,
(
x
0
)
= 1 and
(
x
m
)
:= 0 for eah 0 > m ∈ Z (see 52 [39℄,
[35℄ and [22℄). Therefore,
(8) (g ◦ f)k =
∑
n gn∆
k
(∑∞
m=0
fm(xm)
n
)
|x=0. Sine
(9)
(
x
n
)
= x(x− 1)...(x− n + 1)/n!, then
(10) ∆k
(
(f(x)m )
n
)
=
∑
k1+...+kn=k(k!/(k1!...kn!))[∆
k1
(
f(x)
m
)
]Lk1 [∆k2(
(
f(x)
m
)
−1)]Lk2 ...[∆kn−1(
(
f(x)
m
)
−
n+ 2)]Lkn−1 [∆kn(
(
f(x)
m
)
− n+ 1)]/n!, where
(11) ∆k
(
f(x)
m
)
= m−1
∑k
l=0
(
k
l
)
[∆lLk−l
(
f(x)
m−1
)
− δl,0(m− 1)]. Sine
(12) ∆lLk−lf(x)|x=0 =
∑∞
m=0 fm∆
l
(
x+k−l
m
)
|x=0 =
∑
m fm
(
k−l
m−l
)
, then
(13) ∆k
((
f(x)
m
)
n
)
|x=0 = (n!)
−1
∑
l1+...+ln=k
(
k
l1
)(
k − l1
l2
)
...
(
k − l1 − ...− ln−2
ln−1
)
[
∞∑
m=0
fm
(
k − l1
m− l1
)
− δl1,0(n− 1)][
∞∑
m=0
fm
(
k − l1 − l2
m− l2
)
− δl2,0(n− 2)]...
[
∞∑
m=0
fm
(
k − l1 − ...− ln−1
m− ln−1
)
− δln−1,0]fln ,
so that it is neessary to evaluate oeients
(14) Ωk,nm1,...,mn :=
∑
l1+...+ln−1=k−mn
(
k
l1
)(
k − l1
l2
)
...
(
k − l1 − ...− ln−2
ln−1
)(
k − l1
m1 − l1
)
(
k − l1 − l2
m2 − l2
)
..
(
k − l1 − ...− ln−1
mn−1 − ln−1
)
.
There are identities:
(15)
(
m
l
)
= (−1)l
(
l−m−1
l
)
,
(16) (1 + x)e(1 + (1 + x)a)b =
∑(b
c
)(
ac+e
d
)
xd, suh that for e = b and a = −1 this gives
(17)
∑
l1,l2
(
k − l1
m1 − l1
)(
k − l1 − l2
m2 − l2
)(
k
l1
)(
k − l1
l2
)
=
∑
l1
(
k − l1
m1 − l1
)(
k
l1
)(
k − l1
m2
)
2m2 =
(
k
m1
)∑
l1
(
m1
l1
)(
k − l1
m2
)
2m2 , sine
∑
l
(
b− l
m− l
)(
b
l
)
=
∑
l
b!/[(m− l)!(b−m+ l)!l!].
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General expressions are too ompliated, but it is suuient to onstrut a generating fun-
tion for these oeients:
(18) ym11 ...y
mn−2
n−2 y
mn−1+mn
n−1 (x1y2...yn + (y1 + z2)(x2y3...yn−1 + (y2 + z3)(x3y4...yn−1+
(y3 + z4)(x4y5...yn−1 + ...))...)
k =
ym11 ...y
mn−2
n−2 y
mn−1+mn
n−1
∑
l1
(
k
l1
)
(x1y2...yn−1)
l1(y1 + z2)
k−l1(x2y3...yn−1 + (y2 + z3)(x3y4...yn−1+
(y3 + z4)(x4y5...yn−1... + (xn−1 + yn−1)...)
k−l1 =
ym22 ...y
mn−2
n−2 y
mn−1+mn
n−1
∑
l1,q1,l2
(
k
l1
)(
k − l1
q1 − l1
)(
k − l1
l2
)
(x1y2...yn−1)
l1yk−q1+m11 z
q1−l1
2
(x2y3...yn−1)
l2(y2 + z3)
k−l1−l2(x3y3...yn−1 + (y3 + ...)...)
k−l1−l2 =
ym33 ...y
mn−2
n−2 y
mn−1+mn
n−1
∑
l1,q1,l2,q2
(
k
l1
)(
k − l1
q1 − l1
)(
k − l1
l2
)(
k − l1 − l2
q2 − l2
)
(x1y3...yn−1)
l1yk+m1−q11
zq1−l12 (x2y3...yn−1)
l2yk+m2−q22 z
q2−l2
3 (x3y4...yn−1 + (y3 + z4(x4y5...yn−1 + ...)...)
k−l1−l2 = ....
In this series oeients in front of xm11 x
m2
2 ...x
mn−1
n−1 (y1...yn−1)
k
are equal to Ωk,nm1,...,mn, where
xj = zj+1 for eah j = 1, ..., n−1, xj and yj are variables. Therefore, the generating funtion
has the form:
(19) ym11 ...y
mn−2
n−2 y
mn−1+mn
n−1 (x1y2...yn + (x1 + y1)(x2y3...yn−1 + (x2 + y2)(x3y4...yn−1+
(x3 + y3)(x4y5...yn−1...+ (xn−1 + yn−1)...)
k =
∑
m1,...,mn−1
Ωk,nm1,...,mnx
m1
1 x
m2
2 ...x
mn−1
n−1 (y1...yn−1)
k+
∑
m1,q1,...,mn−1,qn−1
Υk,nm1,q1,...,mn−1,qn−1x
q1
1 x
q2
2 ...x
qn−1
n−1 ×
yk+m1−q11 ...y
k+mn−2−qn−2
n−2 y
k+mn−1−qn−1+mn
n−1 ,
where oeients Υk,nm1,q1,...,mn−1,qn−1 are given by Equation (18).
In partiular id = f−1 ◦ f and ∆kid(x)|x=0 = δk,1, hene
(21) δk,1 =
∑∞
n=0(n!)
−1(f−1)nQ
k,n(f), where oeients Qk,n are given by Equations
(8, 13, 14, 19), that is
(22) Qk,n(f) =
∑
m1,...,mn
∑
i1<...<in−p;p
Ωk,nmi1 ,...,min−p
fmi1 ...fmin−p
∏
(js∈(1,...,n)\{i1,...,in−p};j1<j2<...;lj1=0,...,ljp−1=0)
(js − n)
(
k − l1 − ...− ls−1
ms
)
.
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For analyti funtions there are equalities:
(23) ∆kxn =
n−1∑
l1=0
(
n
l1
)
∆k−1xl1 =
n−1∑
l1=0
l1−1∑
l2=0
...
lk−1−1∑
lk=0
(
n
l1
)(
l1
l2
)
...
(
lk−1
lk
)
xlk , onsequently,
(24) (∆kxn)x=0 =
n−1∑
l1=0
l1−1∑
l2=0
...
lk−2−1∑
lk−1=0
(
n
l1
)(
l1
l2
)
...
(
lk−2
lk−1
)
=: Tn,k.
On the other hand,
(25)
(
x
m
)
= (m!)−1
∑m
l=0 x
m−l(−1)lαl(1, ..., m− 1) =∑
l Sm,lx
l
, where
(26) αl(z1, ..., zm) :=
∑
i1<i2<...<il
zi1 ...zil , onsequently,
(27)
∑
l Sm,lTl,j = δm,j and
(28)
∑
l Tm,lSl,j = δm,j . Then for analyti g and f :
(29) g(x) =
∑
m am(g)x
m
and
(30) (g ◦ f)(x) =
∑
m,lj ,kj ,n
am(g)[m!/(l1!...lm!)]a
l1
k1
(f)...almkm(f)]x
n,
where in the last series k1l1 + ... + kmlm = n, l1 + ... + lm = m, 0 ≤ lj , kj ∈ Z.
For estimations of Ωk,nm1,...,mnfm1 ...fmn it an be used
(31) |
(
k
l
)
|p = p
−λ(k)+λ(q)+λ(k−q)
, where
(32) λ(n) = (n − sn)/(p − 1), n = a0 + a1p + ... + ajp
j
, sn := a0 + a1 + ... + aj , where
ai ∈ {0, 1, ..., p− 1}, λ(q) + λ(k − q)− λ(k) = (sk − sq − sk−q)/(p− 1) (see also 25 in [39℄
and [35℄).
5 One-parameter subgroups of dieomorphism groups.
1. Theorem. If M is a ompat manifold over a loally ompat eld K of harater-
isti char(K) = p > 1, 1 ≤ t ∈ N, α ∈ {t, [t]}, then there exists a lopen subgroup W
in Diffα(M) suh that eah element g ∈ W lies on a loal one-parameter subgroup gx
ontinuous by x relative to the multipliative group (K∗,×) with x ∈ K∗.
Proof. Sine M is ompat, then M is nite dimensional dimKM = n over K and the
manifoldM an be supplied with a nite disjoint analyti atlas, that is, with disjoint lopen
harts a nite union of whih overs M . Therefore, there exists a natural Cα embedding of
M into Kn as the lopen subset. As it was proved above Diffα(M) is mertizable with the
left-invariant metri ρα. Choose k0 ∈ N and the lopen subgroup W := {g ∈ Diff
α(M) :
ρα(g, id) < |π|k0} suh that g ∈ W implies ‖g − id‖Cα
b
(M,Kn) < |π|
k0
.
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Consider x ∈ B(K, 1, |π|s), where 1 ≤ s ∈ N, then |x| = 1, sine |x− 1| ≤ |π|s and due
to the ultrametri inequality. If g ∈ W , then for the proving of this theorem it is neessary
to nd a one-parameter loal subgroup {gx : x ∈ B(K, 1, |π|s)} satisfying Conditions (1−3):
(1) g1 = id;
(2) gx1gx2 = gx1x2 for eah x1, x2 ∈ B(K, 1, |π|
s);
(3) gx0 = g for some x0 ∈ B(K, 1, |π|
s).
Eah g ∈ Diffα(M) has the form g = (g1, ..., gn), where gj : M → K for eah j ∈ {1, ..., n}.
SineM is embedded as the ompat subset inKn, then its overing by ballsB(Kn, x, r) ⊂M
has a nite subovering {B(Kn, xj, rj) : j = 1, ..., m}, where x ∈ M , 0 < rj < ∞, m ∈ N,
onsequently, minj=1,...,m rj = r > 0.
If gx1 and fx2 are two ommuting loal one-parameter subgroups for eah x1, x2 ∈
B(K, 1, |π|s) inDiffα(M), then gxfx =: (gf)x is a loal one-parameter subgroup inDiffα(M),
sine (gf)x1(gf)x2 = (gx1fx1)(gx2fx2) = gx1gx
2
fx1fx2 = gx1x2fx1x2 = (gf)x1x2 for eah
x1, x2 ∈ B(K, 1, |π|
s), also g1 = f 1 = e = id. For example, if supp(gx) ⊂ A and
supp(fx) ⊂ C for eah x ∈ B(K, 1, |π|s) suh that A ∩ C = ∅, where A and C are
losed subsets in M , supp(g) := clM{y ∈ M : g(y) 6= y}, clM(V ) denotes the losure
of a subset V in M , then gx1fx2 = fx2gx1 for eah x1 6= x2 ∈ B(K, 1, |π|
s). On the
other hand, eah g ∈ Diffα(M) an be deomposed into the produt g = h1...hm, where
supp(hj) ⊂ B(K
n, xj, rj) for eah j = 1, ..., m. Therefore, the proof of this theorem redues
to the ase Diffα(B), where B is a lopen ompat ball in Kn, sine W deomposes into
the internal diret produt of its subgroups Wj := {g ∈ W : supp(g) ⊂ B(K
n, xj , rj)} and
Wj has the natural embedding into Diff
α(B(Kn, xj , rj)) for eah j = 1, ..., m. For g = id
put idx = id for eah x ∈ B(K, 1, |π|s). Therefore, due to Equations 3.8(1, 2) it remains the
ase of g 6= id in W , onsequently, x0 6= 1 for suh g.
In aordane with Lemma 7.6 [15℄ if K is a eld and G is a nite subgroup of the
multipliative group of nonzero elements of K, then G is a yli group. Then by Theorem
7.b the multipliative group of nonzero elements of a nite eld is yli. In view of the
Wedderburn Theorem 7. a nite division ring is neessarily a ommutative eld [15℄. The
eld K is isomorphi with Fpu(θ), where Fpu is the nite eld onsisting of p
u
elements,
u ∈ N. The nite eld Fpu is the splitting eld of the polynomial x
pu − x. Thus χ :
K∗ → K∗ is a ontinuous multipliative harater, where K∗ = K \ {0}, if and only if it
an be written in the form χ(x) = φ(x)ψ(x), where φ and ψ are ontinuous multipliative
haraters suh that φ : F∗pu → F
∗
pu is some homomorphism of the multipliative group
of Fpu and φ(θ) = θ, ψ(θ) = θ
k
for some nonnegative integer k and the restrition of ψ
on Fpu is the identity mapping, sine there exists the natural embedding of Fpu into K.
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Therefore, |χ(θ)| = |θ|k. Denote by Ω the family of all ontinuous multipliative haraters
χ : K∗ → K∗. In partiular, χ1(x) = 1 and χid(x) = x for eah in x ∈ K
∗
are the trivial
harater and the identity harater respetively.
If gx is a loal one-parameter subgroup in Diff t(M), then gχ(x) is also a loal one-
parameter subgroup in Diffα(M). If gx0 = g, then gz = g for eah χ(z) = x0 with χ ∈ Ω,
sine χ(1) = 1. Therefore, if x0 ∈ B(K, 1, |π|
s) is a marked point, then it is suient to
satisfy Condition (3) for some x ∈ Vs := {χ
−1(x0) : χ ∈ Ω} ∩ B(K, 1, |π|
s), where x0 6= 1
and x 6= 1 for g 6= 1. Thus, if eah hj 6= id in Wj has x0(hj) ∈ Vs, then the desired loal
one-parameter subgroup gx will be found for id 6= g = h1...hm ∈ W . Take, for example,
x0 = 1 + θ
s
.
We say that a family A of funtions f : X → K separate points ofX if for eah x 6= y ∈ X
there exists f ∈ A suh that f(x) 6= f(y). If G is a yli group of order k and a ∈ G is suh
that {1, a, a2, ..., ak−1} = G and m is a natural number mutually prime with k, (m, k) = 1,
then ζ : G→ G suh that ζ(al) = alm for eah l = 0, ..., k − 1 is the automorphism of G, in
partiular, for k = pu − 1. Sine the multipliative group G = F∗pu is yli, then the family
of all φ separate points of G, hene the family Ω of all ontinuous multipliative haraters
χ of K∗ separate points of K∗.
In view of the Kaplansky theorem a subalgebra A of C0(X,K) ontaining all onstant
funtions and separating points of a loally ompat totally disonneted Hausdor spae X
is dense in C0(X,K) [18, 3℄. From [1℄ it follows, that C0(M,Kn) has the polynomial basis
{Qm¯(y)ei : m¯ ∈ N0
n, i = 1, ..., n} with N0 = {0, 1, 2, ...} and ei = (0, ..., 0, 1, 0, ...) ∈ K
n
with
1 on the i-th plae.
In view of the proof above up to the ane C∞ dieomorphism it is suient to onsider
W for Diff t(B), where B = B(Kn, 0, 1). We seek a solution in the form
(4) gxj (y) = yj +
∑∞
k=1 bj,k(y, x)
for eah j = 1, ..., n with the onverging series of funtions bj,k(y, x) : M×B(K, 1, |π|
s)→ K
of lass Ct by y ∈ M and ontinuous by x ∈ B(K, 1, |π|s) for eah j = 1, ..., n suh that
‖bj,k‖Ct
b
(B,K) < |π|
k0
and limk→∞maxj=1,...,n ‖bj,k‖Ct(B,K) = 0, where g = (g1, ..., gn). Eah
funtion bj,k(y, x) has the deomposition
(5) bj,k(y, x) = χj,k(x)
∑
m¯∈N0
n cj,k,m¯Qm¯(y),
where χj,k(x) ∈ Ω, y ∈ B, x ∈ B(K, 1, |π|
s), cj,k,m¯ ∈ K. Without loss of generality we an
suppose that |χj,k(x)| ≤ 1 on B(K, 1, |π|
s) for eah j, k,m, sine B is the unit ball and s ≥ 1.
The onvergene of Series (4) is equivalent to:
(6) limk+|m¯|→∞maxj=1,...,n ‖cj,k,m¯Qm¯(y)‖Cα
b
(M,K)‖χj,k(x)‖C0
b
(B(K,1,|π|s),K) = 0,
where |m¯| := m1 + ... + mn, m = (m1, ..., mn). Then Condition (1) is equivalent to
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∑∞
k=1 cj,k,m¯ = 0 for eah m¯ and j, while Condition (3) is equivalent to
∑
m¯ cj,m¯Qm¯(y) =
gj(y)−yj with cj,m¯ :=
∑∞
k=1 cj,k,m¯χj,k(x0) , sine χj,k(1) = 1, {Qm¯(y) : m¯ ∈ N0
n} are linearly
independent over K.
Consider two monotone inreasing sequenes {sv ∈ N : v ∈ N} and {qv ∈ N : v ∈ N}
suh that qv ≥ sv for eah v. For eah q > l ∈ N there exists the quotient algebrai homomor-
phism of rings πql : B(K, 0, 1)/B(K, 0, |π|
q)→ B(K, 0, 1)/B(K, 0, |π|l) and πq : B(K, 0, 1)→
B(K, 0, 1)/B(K, 0, |π|q) suh that πql ◦ πq = πl. These algebrai homomorphisms indue
natural homomorphisms of funtions in the same notation suh that π∗q (g) =: qg, where
qg ∈ Hom(Mq), Mq = πq(M) is a nite set, g ∈ W ⊂ Diff
t(B), qg : Mq → Mq is a bije-
tive surjetive mapping ofMq ontoMq (see Formulas 3.2(4−7)). Then also πsv(B(K
∗, 1, |π|s))
is the nite set for sv > s. For sv > 1 we have that πsv(K) is the disrete ommutative ring
(see 3.1). If x ∈ K and |x| = 1, then |x−1| = 1. The multipliative norm in K indues
the norm in πsv(K). If |x − 1| < 1, then x
−1 = (1 + (x − 1))−1 = 1 +
∑∞
l=1(1 − x)
l
, thus
πsv(x) has the inverse in πsv(B(K, 1, |π|
s)), when |x−1| ≤ |π|s, s ≥ 1, sine πsv((x−1)
l) = 0
for ls ≥ sv. Then 1 ∈ πsv(B(K, 1, |π|
s) and πsv(x1x2) = πsv(x1)πsv(x2) ∈ πsv(B(K, 1, |π|
s))
for eah x1, x2 ∈ B(K, 1, |π|
s), sine |x1x2 − 1| ≤ max(|x1 − 1||x2|, |x2 − 1|) ≤ |π|
s
and
|x2| = 1. Thus, B(Fpu , 1, |π|
s) for a natural number s ≥ 1 is the multipliative ommutative
group and B(Fpu , 1, |π|
s1)/B(Fpu , 1, |π|
s2) for eah natural numbers 1 ≤ s1 < s2 is the nite
multipliative ommutative quotient group.
If g ∈ W and k0 ≥ 1, then |g(y) − y| ≤ ‖g − id‖C1|y| ≤ |π|
k0|y| and |g(y1) − g(y2)| ≤
‖g‖C1|y1 − y2| and |g
−1(y1)− g
−1(y2)| ≤ ‖g
−1‖C1|y1 − y2|, sine t ≥ 1, onsequently, g is the
isometry, that is, |g(y)| = |y| for eah y ∈M .
For given s and s1 hoose k0 and q1 ≥ s1 suh that for eah g ∈ W we have q1g = id
on Mq1. Then for a given g ∈ W there exists the algebrai homomorphism η1 from
πs1(B(K, 1, |π|
s)) into πq1(W ) satisfying Conditions (1 − 3) with πs1(x0) instead of x0.
Eah g ∈ W and eah x ∈ K is the projetive limit of the inverse sequenes g = pr −
lim{ qvg, π
qv
ql
,Λq1} and x = pr − lim{ svx, π
sv
sl
,N}, sine sequenes {qv} and {sv} are onal
with N, where v ≥ l ∈ N (see also 2.5 [11℄). For example, we an take sv+1 = sv + 1 for
eah v ∈ N. Consider qv+1g, then π
qv+1
qv
( qv+1g) = qvg. Eah qvg ∈ Hom(Mqv) is the ele-
ment of the symmetri group Sbv , where bv is the ardinality of the nite set πqv(M) = Mqv
(see also Theorem 3.6 above). Thus, qvg has a deomposition into a produt of noninter-
seting nite yles. If yv ∈ Mqv , then the ardinality of eah (π
qv+1
qv
)−1(yv) is the same for
eah yv ∈ Mqv . The homomorphism qv+1g on eah subset (π
qv+1
qv
)−1(yv) ats as the isome-
try. Then eah yle of qvg splits into the produt of yles or beomes a yle of greater
length for qv+1g. Moreover, qv+1g is the produt of two homomorphisms h and f , where
24
f((πqv+1qv )
−1(yv)) = (π
qv+1
qv
)−1(yv) for eah yv ∈ Mqv and π
qv+1
qv
(f) = π∗qv(id) is the identity on
πqv(M), while h(zv+1) = h(yv+1,0) + (zv+1 − yv+1,0) with a marked yv+1,0 ∈ (π
qv+1
qv
)−1(yv) and
for eah zv+1 ∈ (π
qv+1
qv
)−1(yv).
If σ ∈ Σl and σ is a yle of length u, then its algebrai order is u, that is, the yli group
{σa : a ∈ N} is of order u. On the step v there is the ommutative loal subgroup qvg
xv =
ηv(xv) for eah xv ∈ πsv(B(K, 1, |π|
s)). Therefore, on the v+1-th step hoose qv+1 suiently
large suh that a number of noninterseting yles σv,j or their length are suiently large
in the sense that a ommutative subgroup of πqv+1(W ) generated by nite produts of σ
bj
v,j ,
bj ∈ N, is of suiently large order that to provide the algebrai homomorphism ηv+1 from
πsv+1(B(K, 1, |π|
s)) into πqv+1(W ) satisfying Conditions (1− 3) with πqv+1(x0) instead of x0
and πsv+1sv (ηv+1) = ηv.
In aordane with Lemma 2.5.10 [11℄ if {φ, fj′} is a mapping of an inverse system
S = {Xj , π
j
i ,Ψ} into an inverse system S
′ = {Yj′, π
j′
i′ ,Ψ
′} and all fj′ are homeomorphisms,
then the limit mapping f = pr − lim{φ, fj′} is also the homeomorphism of X = pr − limS
onto Y = pr − limS ′, where φ : Ψ′ → Ψ is a nondereasing funtion, Ψ′ and Ψ are direted
sets.
Using the same notation whih an not ause a onfusion we mention the following.
Eah this indution step gives the orresponding solution of (4 − 6) with ηv(πsv(x)) ∈
πqv(B(K, 1, |π|
s)) and πqv(y) and πqv(cj,k,m¯), π
∗
qv
(Qm¯(y)) and πsv(χj,k(x)) ∈ πqv(B(K, 1, |π|
s))
instead of x, y, cj,k,m¯,Qm¯(y) and χj,k(x) respetively. If f ∈ C
α
b (M,K
n) and ‖f−id‖Cα
b
(M,Kn) <
1, then f ∈ Diffα(M). We say that a subset A in M is an ǫ-net, if for eah y ∈ M there
exists z ∈ A suh that |z − y| < ǫ, where 0 < ǫ < ∞. We have limv→∞ |π|
v = 0 and
representatives of Mqv in M form a ρ
v
net for suitable subsequene qv, whih is denoted by
the same notation, where 0 < ρ < 1 is a onstant and ρ is a parameter haraterizing a net
Aqv orresponding to {Qm¯ : m¯ ∈ N0
n} for mj ≤ qv for eah j = 1, ..., n, where eah z ∈ Aqv
is a zero of Qm¯ as soon as mj ≥ mj,0 for some j = 1, ..., n, where m¯0 := (m1,0, ..., mn,0) or-
responds to z. On the other hand, |χj,k,m(x)| ≤ 1 on B(K, 1, |π|
s) for eah j, k,m, moreover,
x0 = 1+θ
s
, |x0| = 1. Then the orresponding to it series onverges, sine qvg
ηv(xv) ∈ π∗qv(W )
for eah xv ∈ πsv(B(K, 1, |π|
s)) and W is omplete relative to the Cαb uniformity. Thus, the
inverse sequene of qvg
ηv(πsv (x))
onverges to a loal multipliative ontinuous one-parameter
subgroup gx(y) ∈ W relative to the Cαb × C
0
b uniformity whih is C
α
b by y ∈ M and C
0
b by
x ∈ B(K, 1, |π|s).
2. Theorem. If M is a manifold on the Banah spae X := c0(γX ,K) with a nite
atlas and harts with bounded φj(Uj) in X for eah j ∈ ΛM , where char(K) = p > 1, then
in Diffαb (M) in eah neighborhood of id there are g 6= id whih does not belong to any
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non-trivial one-parameter subgroup gy relative to the additive group (K,+). Moreover, if M
is embedded into X and
(i) (h − h ◦ g−1), (h − h ◦ g−1) ◦ g2,...,(h − h ◦ g−1) ◦ gp−1 are K-linearly independent
and g 6= id, where h := g − id, then g does not belong to any one-parameter subgroup
{gy : y ∈ (K,+)}.
Proof. From the onditions of this theorem it follows, that M has a Ct embedding as
an open bounded subset in X . In view of Theorem 2.9 the group Diffαb (M) is metrizable.
Sine Diffβb (M) is everywhere dense in Diff
α
b (M) for eah β > α, then it is suient to
onsider the ase t ≥ 1, α ∈ {t, [t]}. If g ∈ Diffαb (M), then up to a dieomorphism of
manifolds g|U ∈ Diff
α
b (U) for any U open in M , sine g : U → g(U) ⊂ M . Let U ⊂M be a
lopen bounded subset suh that U ⊂ Uj for some j ∈ ΛM , g ∈ Diff
α
b (M) and supp(g) ⊂ U ,
then g|U ∈ Diff
α
b (U). Take in partiular U := φ
−1
j (B(X, 0, |π|)), where π ∈ K, 0 < |π| < 1.
Thus, if prove theorem for U = B(X, 0, |π|), then it will be also true for Diffαb (M).
Consider in Diffαb (U) a left-invariant metri ρ
α
(see Theorem 2.9). Take id 6= g ∈ W :=
{f ∈ Diffαb (U) : ρ
α(f, e) ≤ |π|}, then g = id+h, where 0 < ‖h‖Cα
b
(U,X) ≤ |π|. If we onsider
pn as the element of K, where n ∈ N := {1, 2, ...}, then pn = 0 ∈ K, sine char(K) = p. So
we need to have gp
n
= g0 = id on U , where g1 = g, gk+1 = gkg1,...,gp
n
= gp
n−1g1. Consider
(1 + a)k =
∑l
s=0
(
k
s
)
as, where a ∈ K, then (1 + a)p
n
= 1 + ap
n
and inevitably |(1 + a)p
n
| =
|1 + ap
n
|, sine eah binomial oeient
(
pn
l
)
is divisible on p for eah 1 ≤ l ≤ pn − 1 and
hene
(
pn
l
)
is equal to zero in K. Then (xi+ax
l
i)◦(xi+ax
l
i) = xi+ax
l
i+a
∑l
s=0
(
l
s
)
x
l+(l−1)s
i a
s
and so on. In partiular, (xi + ax
p
i ) ◦ (xi + ax
p
i ) = xi + 2ax
p
i + x
p2
i a
p+1
for l = p and so on.
This shows, that elements of the form g(x) = id(x) + axliei with a 6= 0 and 1 < l ∈ N an
not lie on any one-parameter subgroups, sine gp 6= id.
Demonstrate in general for M embedded into X , that eah id 6= g ∈ W satisfying
Condition (i) does not belong to any one-parameter subgroup. On the other hand, g2(x) =
g ◦ g(x) = id ◦ (id+ h)(x) + h ◦ (id+ h)(x) = g(x) + h ◦ g(x), gn(x) = gn−1(x) + h ◦ gn−1(x),
onsequently, ρα(gn, gn−1) = ρα(g2, g) ≤ |π| for eah n ∈ N and ‖h ◦ gn−1‖Cα
b
≤ |π|. Then
by indution gn(x) = g(x) + h ◦ g(x) + ...+ h ◦ gn−1(x) for eah n ≥ 2, hene ρα(gn, g) ≤ |π|.
Then |h(y) − h(x)| ≤ ‖h‖Cα
b
(U,X)|x − y| for eah x, y ∈ U , in partiular, for y = g(x),
where y−x = g(x)−x = h(x), hene |h ◦ g(x)−h(x)| ≤ ‖h‖Cα
b
(U,X)|h(x)| ≤ |π|
2
. Therefore,
|gn(x)−g(x)−(n−1)h(x)| ≤ ‖h‖Cα
b
(U,X)|h(x)| for eah x ∈ U , where |h(x)| ≤ ‖h‖Cα
b
(U,X)|x| ≤
|π||x|, onsequently, |gn(x)−g(x)− (n−1)h(x)| ≤ (‖h‖Cα
b
(U,X))
2|x| ≤ |π|2|x|. Thus |gp
k
(x)−
id(x)| ≤ (‖h‖Cα
b
(U,X))
2|x|, sine |pkh(x)| = 0. Suppose that gp
k
= id for eah k ∈ N, then
0 = gp(x) − id(x) = gp(x) − g(x) − (p − 1)h(x) = h(x) + h ◦ g(x) + ... + h ◦ gp−1(x) =
(h ◦ g(x)−h(x))+ ...+(h ◦ gp−1(x)−h(x)) = h(x)+ p(h ◦ g1(x)−h(x))+ (p− 1)(h ◦ g2(x)−
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h ◦ g(x)) + ...+3(h ◦ gp−2(x)− h ◦ gp−3(x)) + 2(h ◦ gp−1(x)− h ◦ gp−2(x))− h ◦ gp−1(x), sine
ph(x) = 0 and p(h ◦ g − h)(x) = 0 identially and gp−1(x) = g−1(x). Therefore, it would be
0 = |h(x) − h ◦ g−1(x)| on U , sine Condition (i) is supposed to be satised, that leads to
the ontradition, sine h 6= 0, g 6= id, h ◦ g 6= h. Thus gp(x) 6= id(x) for eah id 6= g ∈ W
satisfying Condition (i), onsequently, g does not belong to any one-parameter subgroup
{gy : y ∈ (K,+)}.
2.1. Remark. On the other hand, if M ⊃ B(Kn, x0, r), then g
y(x) := x + yz for
x ∈ B(Kn, x0, r) and g
y(x) := x for x ∈ M \ B(Kn, x0, r) is the non-trivial one-parameter
subgroup for a marked z ∈ B(Kn, 0, r), where y ∈ B(K, 0, 1), 0 < r, x0 ∈M . Therefore, for
eah neighborhood W of id there exists 0 6= z ∈ B(Kn, 0, r) suh that id 6= g ∈ W .
6 Topologial perfetness of dieomorphism groups.
1. Denition. A group G is alled algebraially perfet, if its ommutator group [G,G]
oinides with G, where [G,G] is the minimal group generated by all ommutators [f, g] :=
f−1g−1fg, f, g ∈ G. A group G is alled algebraially simple, if it does not ontain any
normal subgroup other than {e} and G. A topologial group G is alled topologially perfet
if clG[G,G] = G, G is alled topologially simple if it does not ontain any losed normal
subgroup other than {e} or G, where clGV denotes the losure of a subset V in G.
2. Remark. It is well known that the symmetri group Sn is perfet for n 6= 2 and
n 6= 6, but it is not simple for n ≥ 3, sine the subgroup An onsisting of even permutations
is its normal subgroup dierent from {e} and Sn [19℄. Below the topologial perfetness and
simpliity of the dieomorphism group Diffα(M) is onsidered relative to its Cα topology.
3. Theorem. Let M be a ompat manifold, t ≥ 0, α ∈ {t, [t]}. Then Diffα(M)
supplied with the Cα ompat-open topology is topologially perfet.
Proof. In view of Theorem 3.6 above and Theorem 2.5 [24℄ the dieomorphism group
Diffα(M) algebraially is the projetive limit of an inverse sequene S = {Gq, π
q
s ,N} of
nite groups Gq, where Gq is isomorphi with the symmetri group Sb with b = card(Mq),
Mq = πq(M). There exists q0 ∈ N suh that for eah q > q0 the ardinality of Mq is greater
than 6, onsequently, Gq is perfet for eah q > q0, sine Sb is perfet with b = card(Mq) by
the Holder Theorem 5.3.1 [19℄. Eah element h ∈ Diff t(M) is deomposable into the thread
{hq, π
q
s ,N}. Every hq is deomposable as a nite produt of ommutators in Gq for q > q0.
Therefore, the ommutator group [G,G] is dense in G (see also Theorem 3.7 above), sine
the projetive limit of a thread of produts of ommutators is the produt of ommutators,
where G = Diffα(M).
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4. Corollary. Let M be a loally ompat manifold, t ≥ 0, α ∈ {t, [t]}. Then the
dieomorphism group Diffα(M) and the group Diffαc (M) of all C
α
dieomorphisms with
ompat supports supplied with the Cα ompat-open topology are topologially simple.
Proof. The group Diffαc (M) is everywhere dense in Diff
α(M). Therefore, it is su-
ient to prove this orollary for Diffαc (M).
The group G = Diffαc (M) satises the Epstein system of axioms. Let X be a paraom-
pat Hausdor topologial spae, G a group of homeomorphisms of X , and U a basis of open
sets for the topology of X . The Epstein axioms are the following:
(E1) if U ∈ U and g ∈ G, then gU ∈ U ;
(E2) G ats transitively on U ;
(E3) let g ∈ G, U ∈ U and B be an open over of X , then there exist m ∈ N and
g1, ..., gm ∈ G and V1, ..., Vm ∈ B suh that:
(i) g = gmgm−1...g1;
(ii) supp(gi) ⊂ Vi;
(iii) supp(gi) ∪ (gi−1...g1cl(U)) 6= X for eah i : 1 ≤ i ≤ n.
The manifold M has an Cα embedding θ as the lopen subset into either Kn or a diret
topologial sum of opies of Kn suh that θ(M) is a disjoint union of lopen balls, sine M
is totally disonneted and has a base of topology onsisting of lopen ompat subsets in
M . As U take a system of all lopen proper subsets U in M for whih there exists g ∈ G
suh that θ(gU) is a ball of nite positive radius in Kn. Sine M is totally disonneted and
modelled on Kn as the manifold, then U forms the base of the topology of M .
In partiular, for the dieomorphism group G = Diffαc (M) and the family U of M = X
we have gU ∈ U for eah g ∈ G, sine g−1(gU) = U and g : M → M is the ontinuous
bijetive epimorphism together with g−1. If U = M , then g(M) = M . A disjoint lopen
overing C of θ(M) by balls form a C∞ atlas (moreover, it is the analyti atlas) suh that if
f |U is of C
α
lass for eah U ∈ C, then f is Cα on θ(M). If U ∈ U and U 6= M , then M \U
is a lopen nonvoid subset in M . Therefore, if U1 and U2 are two lopen nonvoid subsets in
U dierent from M , then there exists g ∈ G suh that g(U1) = U2, sine eah two lopen
balls in Kn are analytially dieomorphi. Thus axioms (E1, E2) are satised.
If g ∈ G, then supp(g) := cl{x ∈ M : g(x) 6= x} is ompat and for an open overing
B of M there are V1, ..., Vm in B suh that supp(g) ⊂ V1 ∪ ... ∪ Vm. Suppose that U ∈ U
and cl(U) 6= M , where cl(U) denotes the losure of U in M . Sine U is lopen in M , then
cl(U) = U . The topologial Tyhono spae M is totally disonneted and loally ompat
paraompat, sine it is modelled on Kn. In view of Theorem 6.2.9 [11℄ it is strongly zero
dimensional. Therefore, V1, ..., Vm has a renement P1, ..., Pm onsisting of lopen ompat
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subsets in M suh that supp(g) ⊂ P1 ∪ ... ∪ Pm. Take P0 := ∅ and Wi := Pi \j<i Pj,
then W1, ...,Wm is the disjoint lopen overing of supp(g), where Wi ⊂ Pi ⊂ Vi for eah
i = 1, ..., m. Therefore, g(W1),...,g(Wm) is the lopen disjoint overing of g(supp(g)). Eah
θ(Wi) is a nite union of lopen balls Bi,j inK
n
. Then put gm|Wm = g|Wm and gm|M\Wm = id,
gm−1|Wm−1 = g
−1
m g|Wm−1 and gm−1|M\Wm−1 = id, gi|Wi = g
−1
i+1...g
−1
m g|Wi and gi|M\Wi = id for
eah i = 1, ..., m− 2, hene Conditions (i, ii) of (E3) are satised. For eah 1 ≤ k < j < m
there is the identity gj...gk|Wk = gj...gk+1g
−1
k+1...g
−1
m g|Wk = g
−1
j+1...g
−1
m g|Wk and gm...gk|Wk =
g|Wk for eah 1 ≤ k < m. Then gi−1...g1(U) ⊂ (U \ (W1 ∪ ... ∪Wi−1)) ∪ (gi−1...g1(U ∩W1) ∪
gi−1...g2(W2∩U)...∪gi−1(U∩Wi−1)) andWi∪gi−1...g1(U) 6= M for eah U ∈ U , sine U 6= M
and g(U) 6= M , onsequently, Condition (iii) of (E3) is also satised.
For eah lopen ompat V inM the group GV := {g ∈ G : supp(g) ⊂ V } is topologially
perfet by Theorem 3. Moreover, G =
⋃
V GV , where the union is by all lopen ompat
subsets V in M . The group G is supplied with the Cα ompat-open topology. Therefore,
G is topologially perfet. In view of the Epstein Theorem 2.2.1 and Corollary 2.2.2 [5℄ the
ommutator group [G,G] is topologially simple, sine eah [GV , GV ] is topologially simple.
On the other hand, [G,G] is dense in G, hene G is topologially simple. If M is loally
ompat and nonompat, then Diffαc (M) is everywhere dense in Diff
α(M), hene the
latter group is topologially simple relative to its Cα ompat-open topology.
5. Remark. If M is a ompat manifold, t ≥ 0, α ∈ {t, [t]}, then Diffα(M) is not
algebraially simple being the projetive limit of groups due to Theorem 3.6.
6. Theorem. Let M be a Cα ompat manifold, t ≥ 0, α ∈ {t, [t]}. Then eah ontin-
uous automorphism of Diffα(M) belongs to the group of homeomorphisms Hom(M,M) =:
Hom(M).
Proof. Let ψ be a ontinuous automorphism of Diffα(M). In view of Theorem
3.6 above or Theorem 2.5 [24℄ for eah v ∈ N, v ≥ s, there exists the quotient map-
ping π∗v : Diff
α(M) → Σbv , where Σm is the symmetri group of the set {1, ..., m}, bv
is the ardinality of the nite set Mv = πv(M), π
∗
v is indued by the quotient mapping
πv : K → K/B(K, 0, |π|
v) with the help of polynomial expansions by Formulas 3.2(4, 5).
Consider M embedded into Kn. The set of dieomorphisms f suh that f − id is a
pieewise ane on balls of the overing of M is ontained in Diffα(M), onsequently,
π∗v(Diff
α(M)) = Sbv is the epimorphism. This also follows from Formulas 3.2(4 − 7). The
automorphism ψ indues the automorphism ψv of π
∗
v(Diff
α(M)) suh that π∗v(ψ(g)) =:
ψv(π
∗
v(g)), sine then π
∗
v(ψ(gh)) = π
∗
v(ψ(g)ψ(h)) = π
∗
v(ψ(g))π
∗
v(ψ(h)) = ψv(π
∗
v(g))ψv(π
∗
v(h))
for eah g, h ∈ Diffα(M). Consider v suiently large suh that bv > 6. In view of
the Holder Theorem 5.3.1 [19℄ the automorphism ψv is internal: ψv(a) = hvah
−1
v for eah
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a ∈ π∗v(Diff
α(M)), where hv ∈ π
∗
v(Diff
α(M)) is a marked element. This denes the inverse
sequene {hv, π
v
l ,Λs} suh that π
v
l (hv) = hl for eah v ≥ l ∈ Λs, where π
v
l ◦ π
∗
v = π
∗
l and
πvl : Gv → Gl are algebrai epimorphisms of disrete groups Gv := π
∗
v(Diff
α(M)) for eah
v ≥ l ∈ Λs, π
v
l are written without star for simpliity of notation. Eah hv : Mv → Mv is the
homeomorphism and eah ψv : Gv → Gv is the homeomorphism. A limit of an inverse map-
ping system of homeomorphi mappings is a homeomorphism by Proposition 2.5.10 [11℄.
Therefore, h = pr − lim{hv, π
v
l ,Λs} is the element of Diffw(M) (see Theorems 3.6, 3.7
above and Theorem 2.5 [24℄), moreover, ψ(g) = lim{hvπ
∗
v(g)h
−1
v , π
v
l ,Λs} = hgh
−1
for eah
g ∈ Diffα(M). On the other hand, Diffw(M) is algebraially isomorphi with Hom(M),
hene h ∈ Hom(M).
7. Remark. Theorem 6 is not true for a loally ompat nonompat manifold M
for the group Diffαc (M) of ompatly supported dieomorphisms of Diff
α(M), sine then
Diffαc (M) has the external automorphisms φf(g) := fgf
−1
for f ∈ Diffα(M)\Diffαc (M),
where g ∈ Diffαc (M). Moreover, Diff
α
c (M) is the proper normal subgroup in Diff
α(M),
but Diffαc (M) for a loally ompat nonompat manifold M is the proper non-losed
subgroup everywhere dense in Diffα(M).
7 Projetive deomposition of loop groups.
1. Let as in 2.1 M¯ andN be two ompat manifolds over a loally ompat non-arhimedean
innite eld K with a multipliative non trivial norm relative to whih K is omplete as the
uniform spae and Diffα0 (M¯) be a subgroup in Diff
α(M¯) of all elements ψ ∈ Diffα(M¯)
suh that ψ(s0) = s0, where s0 is a marked point in M¯ , α ∈ {t, [t]}. Denote by C
α
0 (M,N)
a subspae in Cα(M¯,N) of all elements f ∈ Cα(M¯,N) suh that lim|ζ1|+...+|ζn|→0 Φ¯
v(f −
w0)(s0; h1, ..., hn; ζ1, ..., ζn) = 0 for α = t or lim|ζ1|+...+|ζn|→0Υ
v(f − w0)(s
[n]
0 ) = 0 for α = [t]
for eah v ∈ {0, 1, ..., t}, where M = M¯ \ s0 and w0(M¯) = {y0}, x
[k+1] = (x[k], v[k], ζk)
(see 2.6 [23℄ and Setion 2 above). Geometri loop monoids Ωα(M,N) and loop groups
Lα(M,N) for C
α
lasses of mappings were onstruted in [23℄. The same onstrution is for
char(K) = p > 0.
Theorem. Let Ωα(M,N) be a ommutative loop monoid, then the quotient mappings
πk indue the orresponding inverse sequene {Ω(Mk, Nk) : k ∈ N} suh that Ω
w(M,N) :=
pr− limk Ω(Mk, Nk) is the ommutative ompat topologial monoid, where π
∗
k : Ωα(M,N)→
Ω(Mk, Nk), π
l
k : Ω(Ml, Nl)→ Ω(Mk, Nk) are surjetive mappings for eah l ≥ k, Ω(Mk, Nk) =
{fk : fk ∈ N
Mk
k , fk(s0,k) = y0,k}/Kα,k, Kα,k is an equivalene relation indued by an equiv-
alene relation Kα. Moreover, Ω
w(M,N) is a ompatiation of Ωα(M,N) relative to the
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projetive weak topology τw.
Proof. In view of Corollary 3.3 πk(C
α
0 (M,N)) is isomorphi with {fk : fk ∈ N
Mk
k , fk(s0,k) =
y0,k}, where the quotient mapping is denoted by πk both for M and N , sine it is indued
by the same ring homomorphism πk : K → K/B(K, 0, 1), s0,k := πk(s0) and y0,k := πk(y0),
where k ≥ s = max(s(M), s(N)). Then π∗k(Diff
α
0 (M)) is isomorphi with Hom0(Mk) :=
{ψk : ψk ∈ Hom(Mk), ψk(s0,k) = s0,k}. All of this is also appliable with the orrespond-
ing hanges to lasses of smoothness Cα (or C(α) in the notation of [23℄), where α = t or
α = [t] with substitution of Φ¯k on Υk in the latter ase. If f and g are two Kα-equivalent
elements in Cα0 (M,N), that is, there are sequenes fn and gn in C
α
0 (M,N) onverging to
f and g respetively and also a sequene ψn ∈ Diff
α
0 (M) suh that fn(x) = gn(ψn(x)) for
eah x ∈M , then π∗k(fn) =: fn,k and gn,k := π
∗
k(gn) onverge to π
∗
k(f) and π
∗
k(g) respetively
and also ψn,k := π
∗
k(ψn) ∈ Hom0(Mk). From the equality fn,k(x(k)) = gn,k(ψn,k(x(k))) for
eah n ∈ N and x(k) ∈ Mk it follows, that the equivalene relation Kα indues the or-
responding equivalene relation Kα,k in π
∗
k(C
α
0 (M,N)) suh that lasses < π
∗
k(f) >K,α,k of
Kα,k-equivalent elements are losed. Eah element fk ∈ π
∗
k(C
α
0 (M,N)) is haraterized by
the equality fk(s0,k) = y0,k. This indues the quotient mapping π
∗
k : Ωα(M,N)→ Ω(Mk, Nk)
and surjetive mappings πlk : Ω(Ml, Nl)→ Ω(Mk, Nk) for eah l ≥ k. Eah Ω(Mk, Nk) is the
nite disrete set, sine eah NMkk is the nite disrete set. This produes the inverse se-
quene of nite disrete spaes, hene the limit Ωw(M,N) := pr− lim{Ω(Mk, Nk), π
k
l ,Λs} of
the inverse sequene is ompat and totally disonneted. It remains to verify that Ωw(M,N)
is the ommutative topologial monoid with the unit element and the anelation property.
From the equality M = M¯ \ {s0}, it follows that Mk = M¯k, sine for eah k ∈ N there
exists x ∈ M suh that x + B(Km, 0, p−k) ∋ s0. Moreover, Mk and Nk are nite disrete
spaes. Then πk(M∨M) = Mk∨Mk, where A∨B := A×{b0}∪{a0}×B ⊂ A×B is the wedge
produt of pointed spaes (A, a0) and (B, b0), A andB are sets with marked points a0 ∈ A and
b0 ∈ B. The omposition operation is dened on threads {< fk >K,α,k: k ∈ N} of the inverse
sequene in the following way. There was xed a C [∞]-dieomorphism χ : M ∨M → M [23℄.
Let x ∈M , then πk(x) ∈Mk and χ
−1(U) ∈M ∨M , where U := π−1k (x+B(K, 0, p
−k))∩M.
On the other hand χ−1(U) is a disjoint union of balls of radius p−2k in B(K2m, 0, 1), hene
there is dened a surjetive mapping χk : M2k ∨M2k → Mk indued by χ, πk and π2k suh
that χk(χ
−1(U)) = πk(x). If f and g ∈ C
α(M,N), then f ∨ g ∈ Cα((M ∨ M), N) and
χ(f ∨ g) ∈ Cα(M,N) as in 2.6 [23℄. Hene χk(f2k ∨ g2k) ∈ C
α(Mk, Nk) and inevitably
χk(< f2k ∨ g2k >K,α,2k) = χk(< f2k >K,α,2k ∨ < g2k >K,α,2k) ∈ Ω(Mk, Nk).
There exists a one to one orrespondene between elements f ∈ Cw(M¯,N) and {fk :
k} ∈ {NMkk : k ∈ Λs}. Therefore, pr − limk Ω(Mk, Nk) algebraially this is the ommutative
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monoid with the anelation property. Let U be a neighborhood of e in Ωw(M,N), then
there exists Uk = π
−1
k (Vk) suh that Vk is open in Ω(Mk, Nk), e ∈ Uk and Uk ⊂ U . On
the other hand there exists U2k = π
−1
2k (V2k) suh that V2k is open in Ω(M2k, N2k), e ∈ U2k
and U2k + U2k ⊂ Uk. Therefore, (f + U2k) + (g + U2k) ⊂ f + g + Uk ⊂ f + g + U for eah
f, g ∈ Ωw(M,N), onsequently, the omposition in Ωw(M,N) is ontinuous. Sine Cα0 (M,N)
is dense in C0,w(M¯,N), then Ωα(M,N) is dense in Ω
w(M,N) relative to the projetive weak
topology τw.
2. Corollary. The loop group Lα(M,N) has a non-arhimedean ompatiation L
w(M,N)
relative to the projetive weak topology τw.
Proof. Using the Grothendiek onstrution we get a ompatiation Lw(M,N) = F¯ /B¯
of a loop group Lα(M,N), where F¯ is a losure in (Ω
w(M,N))Z of a free ommutative group
F generated by Ωw(M,N) and B¯ is a losure of a subgroup B generated by all elements
[a+ b]− [a]− [b], sine the produt of ompat spaes is ompat by the Tyhono theorem.
3. Let now s0 = 0 and y0 = 0 be two marked points in the ompat manifolds M¯ and N
embedded into Km and Kn respetively. There is dened the following C [∞]-dieomorphism
inv : (Km)′ → (Km)′ for (Km)′ := Km \ {x : there exists j with xj = 0} suh that
inv(x1, ..., xm) = (x
−1
1 , ..., x
−1
m
). Let M ′ = M ∩ (Km)′, then inv(M ′) is loally ompat and
unbounded in Km, onsequently, πk(inv(M
′)) = (inv(M ′))k is a disrete innite subset in
Kmk for eah k ∈ N. Analogously πk(inv(M
′ ∨M ′)) = (inv(M ′ ∨M ′))k ⊂ K
2m
k . There exists
a C [∞]-dieomorphism χ : M ∨M →M suh that inv ◦χ◦ inv is the C [∞]-dieomorphism of
inv(M ′∨M ′) with inv(M ′) and it indues bijetive mappings χk of inv((inv(M
′∨M ′))k) with
inv((inv(M ′))k) for eah k ∈ N suh that πˆ
l
k◦χl = χk for eah l ≥ k, where πˆ
l
k := inv◦π
l
k◦inv.
This produes inverse sequenes of disrete spaes inv((inv(M ′))k) =: Mˆk, inv((inv(M
′ ∨
M ′))k) = Mˆk ∨ Mˆk and their bijetions χk suh that pr− limk Mˆk is homeomorphi with M
′
and pr− limk χk is equal to χ up to the homeomorphism, sine pr− limk K
m
k = K
m
(see also
about admissible modiations and polyhedral expansions in [27, 28℄). If ψ ∈ Diffα0 (M¯),
then ψˆ ∈ Diffα(Mˆ). Let Jf,k := {hk : hk = fk ◦ ψk, ψk ∈ Hom(Mˆk), ψk(s0,k) = s0,k} for
fk ∈ N
Mˆk
k with limx→0 fk(x) = 0, then Jf,k is losed and πˆ
∗
k(< f >K,α) ⊂ Jf,k. Therefore, gk
and fk are Kˆα,k-equivalent if and only if there exists ψk ∈ Hom(Mˆk) suh that ψk(s0,k) = s0,k
and gk(x) = fk(ψk(x)) for eah x ∈ Mˆk. Let Ω(Mˆk, Nk) := πˆ
∗
k(Ωα(M,N)).
Theorem. The set of Ω(Mˆk, Nk) forms an inverse sequene
S = {Ω(Mˆk, Nk); πˆ
l
k; k ∈ Λs} suh that pr− limS =: Ω
i,w(M,N) is an assoiative topologial
loop monoid with the anelation property and the unit element e. There exists an embedding
of Ωα(M,N) into Ω
i,w(M,N) suh that Ωα(M,N) is dense in Ω
i,w(M,N) relative to the
projetive weak topology τi,w.
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Proof. Let U ′i be an analyti disjoint atlas of inv(M
′), f ∈ Cα(inv(M ′),K), ψ ∈
Diffα(inv(M ′)), then eah restrition f |U ′i has the form f |U ′i(x) =
∑
m fi,mQ¯i,m(x) for eah
x ∈ U ′i, where Q¯i,m are basi Amie polynomials for U
′
i, fi,m ∈ K. Therefore f is a om-
bination f = ∇if |U ′i , hene πˆ
∗
k(f ◦ ψ(x)) =
∑
m[πˆ
∗
k(fi,m)∇(i,ψk(x(k))∈πˆk(U ′k)Q¯i,m,k(ψk(x(k)))]
and inevitably πˆ∗k((f ◦ ψ)(x)) = fk ◦ ψk(x(k)), where Q¯i,m,k := πˆ
∗
k(Q¯i,m), x ∈ inv(M
′) and
x(k) = πˆk(x).
As in 2.6.2 [23℄ we hoose an innite atlas At′(M) := {(U ′j, φ
′
j) : j ∈ N} suh that
φ′j : U
′
j → B(X, y
′
j , r
′
j) are homeomorphisms, limk→∞ r
′
j(k) = 0, limk→∞ y
′
j(k) = 0 for an
innite sequene {j(k) ∈ N : k ∈ N} suh that clM¯ [
⋃∞
k=1U
′
j(k)] is a lopen neighborhood of
zero in M¯ , where clM¯A denotes the losure of a subset A in M¯ . We take |y
′
j(k)| > r
′
j(k) for
eah k, hene inv(B(X, y′j, r
′
j)∩X
′) = B(X, y′−1j , r
′−1
j )∩X
′
and
⋃
k inv(U
′
j(k)∩X
′) is open
in X ′, where X = Km. For an atlas At′(M∨M) := {(Wl, αl) : l ∈ N} with homeomorphisms
αl : Wl → B(X, zl, al), limk→∞ al(k) = 0, limk→∞ zl(k) = 0 for an innite sequene {l(k) ∈
N : k ∈ N} suh that clM¯∨M¯ [
⋃∞
k=1Wl(k)] is a lopen neighborhood of 0×0 in M¯ ∨ M¯ we also
hoose |zl| > al for eah l, where card(N \ {l(k) : k ∈ N}) = card(N \ {j(k) : k ∈ N}).
Then we take χ(Wl(k)) = U
′
j(k) for eah k ∈ N and χ(Wl) = U
′
κ(l) for eah l ∈ (N\{l(k) :
k ∈ N}), where κ : (N \ {l(k) : k ∈ N})→ (N \ {j(k) : k ∈ N}) is a bijetive mapping suh
that p−1 ≤ r′j(k)/al(k) ≤ p for eah k and p
−1 ≤ r′κ(l)/al ≤ p for eah l ∈ (N\{l(k) : k ∈ N}).
We an hoose the loally ane mapping χ on M = M¯ \ {s0} suh that Φ¯
nχ = 0 or
Υnχ = 0 for eah n ≥ 2 and B(X ′, y′−1l , r
′−1
l ) are dieomorphi with inv(U
′
l ∩ X
′) and
B(X ′ ∨X ′, z−1l , a
−1
l ) are dieomorphi with inv(Wl ∩ (X
′ ∨X ′)).
This indues the dieomorphisms χˆ := inv ◦ χ ◦ inv : Mˆ ∨ Mˆ → Mˆ and χˆ∗ : Cα0 ((Mˆ ∨
Mˆ,∞×∞), (N, y0)) → C
α
0 ((Mˆ,∞), (N, y0)), sine eah Φ¯
n(f ∨ g)(χˆ−1) or Υn(f ∨ g)(χˆ−1)
has an expression through Φ¯l(f ∨ g) and Φ¯j(χˆ−1) or Υl(f ∨ g) and Υj(χˆ−1) respetively with
l, j ≤ q and q subordinated to α, where Mˆ := inv(M ′) and onditions dening the subspae
Cα0 ((Mˆ,∞), (N, y0)) dier from that of C
α
0 ((M, s0), (N, y0)) by substitution of limx→s0 on
lim|x|→∞. Then lim|x|→∞ |χˆ(x)| = ∞, onsequently, there exists k0 ∈ N suh that χˆk :
Mˆk ∨ Mˆk → Mˆk are bijetions for eah k ≥ k0, where χˆk := πˆk ◦ χˆ. If ψ ∈ Diff
α(M¯) and
ψ(0) = 0, then lim|x|→∞ ψˆ(x) = ∞ and lim|x|→∞ ψˆ
−1(x) = ∞. Then onsidering ψˆk we get
an equivalene relation Kα,k in {fk : fk ∈ N
Mˆk
k , lim|x|→∞ fk(x) = 0} indued by Kα, where
Mˆk is supplied with the quotient norm indued from the spae X , sine X
′ ⊂ X , x ∈ Mˆk.
Let Jk denotes the quotient mapping orresponding to Kα,k. Therefore analogously to
2.6 [23℄ we get, that Ω(Mˆk, Nk) are ommutative monoids with the anelation property
and the unit elements ek, sine Ω(Mˆk, Nk) = {fk : fk ∈ C
0(Mˆk, Nk), lim|x|→∞ fk(x) =
0}/Kˆα,k and mappings πˆ
l
k : (K
m)′l → (K
m)′k and mappings π
l
k : K
n
l → K
n
k indue
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mappings πˆlk : Ω(Mˆl, Nl) → Ω(Mˆk, Nk) for eah l ≥ k. Let the topology in {fk : fk ∈
C0(Mˆk, Nk), lim|x|→∞ fk(x) = 0} be indued from the Tyhono produt topology in N
Mˆk
k
and Ω(Mˆk, Nk) be in the quotient topology.
The spae NMˆkk is metrizable by the Baire metri ρ(x, y) := |π|
−j
, where j = min{i :
xi 6= yi, x1 = y1, ..., xi−1 = yi−1}, x = (xl : xl ∈ Nk, l ∈ N), Mˆk is enumerated as N, π ∈ K,
0 < |π| < 1 is the generator of the valuation group ΓK. Therefore, Ω(Mˆk, Nk) is metrizable
and the mapping (fk, gk) → fk ∨ gk is ontinuous, hene the mapping (Jk(fk), Jk(gk)) →
Jk(fk) ◦ Jk(gk) is also ontinuous. Then Jk(w0,k) is the unit element, where w0,k(Mˆk) = 0.
Hene Ωi,w(M,N) is the ommutative monoid with the anelation property and the unit
element. Certainly
∏
k Ω(Mˆk, Nk) is the topologial monoid and pr − limS is a losed in
it topologial totally disonneted monoid. For eah f ∈ Cα0 (M,N) there exists an inverse
sequene {fk : fk = πˆ
∗
k(f), k ∈ Λs} suh that f(x) = pr − limk fk(x(k)) for eah x ∈ M
′
,
but M ′ is dense in M . Therefore there exists an embedding Ωα(M,N) →֒ Ωi,w(M,N),
hene Ωα(M,N) is dense in Ωi,w(M,N) relative to the projetive weak topology τi,w, sine
Cα(M,N) is dense in Cw(M,N) relative to the τw topology.
4. Corollary. The inverse sequene of loop monoids indues the inverse sequene of
loop groups SL := {L(Mˆk, Nk); πˆ
l
k; Λs}. Its projetive limit L
i,w(M,N) := pr − limSL is a
ommutative topologial totally disonneted group and Lα(M,N) has an embedding in it as
a dense subgroup.
Proof. Due to the Grothendiek onstrution the inversion operation fk 7→ f
−1
k is on-
tinuous in L(Mˆk, Nk) and homomorphisms πˆ
l
k and πˆk have ontinuous extensions from loop
submonoids onto loop groups L(Mˆk, Nk). Eah monoid Ω(Mˆk, Nk) is totally disonneted,
sine NMˆkk is totally disonneted and Ω(Mˆk, Nk) is supplied with the quotient ultramet-
ri, hene the free Abelian group Fk generated by Ω(Mˆk, Nk) is also totally disonneted
and ultramertizable, onsequently, L(Mˆk, Nk) is ultrametrizable. Evidently their inverse
limit is also ultrametrizable and the equivalent ultrametri an be hosen with values in
Γ˜K := {|z| : z ∈ K}, where Γ˜K ∩ (0,∞) is disrete in (0,∞) := {x : 0 < x < ∞, x ∈ R}.
Then the projetive limit (that is, weak) topology of Li,w(M,N) is indued by the projetive
weak topology of Cw(M,K).
5. Theorem. For eah prime number p the loop group Lα(M,N) in its weak topology
inherited from Li,w(M,N) has the non-arhimedean ompatiation isomorphi with Zp
ℵ0 ,
moreover, Li,w(M,N) has the ompatiation (νZ)ℵ0 , where νZ is the one-point Alexandro
ompatiation of Z.
Proof. The projetive ring homomorphism πk : K→ Kk indues
πˆ∗k(Φ¯
m(f(x; h1, ..., hm; ζ1, ..., ζm)) = Φ¯
mfk(x(k); h1(k), ..., hm(k); ζ1(k), ..., ζm(k))
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and πˆ∗k(Υ
m(f(x[m])) = Υ[m]fk(x(k)
[m]),
where m ∈ N, Φ¯mfk and Υ
mfk are dened for the eld of frations generated by Kk, sine
K is the ommutative eld (see also [4℄ and 2.1-2.6 [23℄). Then the ondition
lim
|x|→∞
Φ¯mf(x; h1, ..., hm; ζ1, ..., ζm) = 0 or
lim
|x|→∞
Υmf(x[m]) = 0
implies the ondition
lim
|x(k)|→∞
Φ¯mfk(x(k); h1(k), ..., hm(k); ζ1(k), ..., ζm(k)) = 0 or
lim
|x(k)|→∞
Υmfk(x(k)
[m]) = 0
respetively, where x[1] = (x, v[0], ζ1), x
[m+1] := (x[m], v[m], ζm+1). Therefore, supp(fk) :=
Mˆfk := {x(k) : fk(x(k)) 6= 0} is a nite subset of the disrete spae Mˆk for eah k ∈ N. Then
evidently, πˆ∗k(< g >K,α) is a losed subset in N
Mˆk
k for eah g ∈ C
α
0 ((Mˆ,∞), (N, 0)), sine for
eah limit point fk of πˆ
∗
k(< g >K,α) its support is the nite subset in Mˆk. Let k0 be suh
that Nk0 6= {0}, then this is also true for eah k ≥ k0. If fk /∈ πˆ
∗
k(< w0 >K,α) and k ≥ k0,
then f∨nk /∈ πˆ
∗
k(< w0 >K,α) for eah n ∈ N, where f
∨n
k := fk ∨ ... ∨ fk denotes the n-times
wedge produt, sine ‖f∨n‖Cα ≥ ‖f‖Cα > 0 and ‖f
∨n
k ‖C(Kmk ,Knk) ≥ ‖f‖C(Kmk ,Knk) > 0, where
C(Kmk ,K
n
k) = π
∗
k(C
α
b (K
m,Kn)) is the quotient module over the ring Kk. Eah πˆ
∗
k(< f >K,α)
an be presented as the following omposition z1b1+...+zlbl in the additive group L(Mˆk, Nk),
where eah bi orresponds to πˆ
∗
k(< gi >K,α) and the embedding of Ω(Mˆk, Nk) into L(Mˆk, Nk),
zi ∈ {−1, 0, 1}, l = card(Mˆ
f
k ), Mˆ
gi
k are singletons for eah i = 1, ..., l.
Eah Mˆk is the nite disrete set as well as Nk. For eah x 6= y ∈ Mˆk there exists
ψ ∈ Hom0(Mk) suh that ψ(x) = y, where 0 orresponds to s0 for onveniene of the
notation. Using the group Hom0(Nk) we get that L(Mˆk, Nk) is isomorphi with Z
nk
, where
nk = card(Nk) > 1. For eah prime number p > 1 there exists the p-adi ompletion
of Z whih is Zp. In view of Corollary 4 Lα(M,N) has the non-arhimedean ompletion
isomorphi with Zℵ0p , sine Z is dense in Zp and pr − limk Z
nk = Zℵ0 .
On the other hand, we an take the multipliative subgroup {θl : l ∈ Z} of the loally
ompat eld Fpu(θ) whih gives the embedding φ of Z into Fpu(θ), where θ
0 = 1. The
ompletion of φ(Z) inFpu(θ) is φ(Z)∪{0} whih is the one-point Alexandro ompatiation
νZ of Z. This gives the non-arhimedean ompletion (νZ)ℵ0 of Lα(M,N). Moreover, Z
ℵ0
p and
(νZ)ℵ0 are ompat as produts of ompat spaes and Li,w(M,N) has the aforementioned
embeddings into them.
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6. Note. Using quotient mappings ηp,s : Z → Z/p
sZ we get that Lα(M,N)
ℵ0
has the
ompatiation equal to {
∏
p∈PZp
ℵ0} × (νZ)ℵ0 relative to the produt Tyhono topology,
where P denotes the set of all prime numbers p > 1, s ∈ N. These ompatiations pro-
due haraters of Li,w(M,N), sine eah ompat Abelian group has only one-dimensional
irreduible unitary representations [16℄. On the other hand, there are irreduible ontin-
uous representations of ompat groups in non-arhimedean Banah spaes [38℄. Among
them there are innite-dimensional [10, 36℄. Moreover, in their initial Cα topologies dieo-
morphism and loop groups also have innite-dimensional irreduible unitary representations
[22, 23℄. At the same time topologies of Lα(M,N) and L
w(M,N) or Li,w(M,N) are inom-
parable, sine the topologies of Cα(M,N) and Cw(M,N) are inomparable (see Theorem
3.7 above).
Projetive limits of groups obtained above have the non-arhimedean origin related with
non-arhimedean families of semi-norms on spaes of ontinuous or more narrow lasses
of funtions between manifolds over ultra-normed elds. Generally, if a topologial spae
X has a projetive limit deomposition X = pr − lim{Xα, π
α
β ,Λ}, then if fβ : Xβ → Y
is a ontinuous funtion into a topologial spae Y , then f := fβ ◦ πβ : X → Y is a
ontinuous funtion, where the mapping παβ : Xα → Xβ is ontinuous for eah α ≥ β ∈ Λ,
Λ is a direted set, παβ ◦ πα = πβ, πα : X → Xα is ontinuous and epimorphi. Therefore,
fα = π˜
β
α(fβ) := fβ◦π
α
β for eah α ≥ β generate the indutive limit ind−lim{C(Xβ, Y ); π˜
β
α; Λ},
where C(X, Y ) denotes the family of all ontinuous mappings from X into Y . On the other
hand, if Y = pr − lim{Yγ, p
γ
δ ,Ψ}, then one gets pr − lim{C(X, Yγ); p
γ
δ ,Ψ}. Then these two
onstrutions an be ombined with repeated appliation of projetive and indutive limits,
whih may be dependent on the order of taking limits. If card(Ψ) ≥ ℵ0, then a suitable box
topology in
∏
γ∈Ψ C(X, Yγ) is stritly stronger than a weak topology in it and in its projetive
limit subspae (see also [31℄).
7. Theorem. If M¯ and N are ompat manifolds, α ∈ {∞, [∞]}, then Lα(M,N) is the
Cα Lie group.
Proof. The uniform spae Cα((M, s0), (N, y0)) has the struture of the C
α
manifold,
sine M and N are Cα manifolds, where α ∈ {∞, [∞]}. Therefore, Ωα(M,N) and Lα(M,N)
are Cα manifolds. The wedge produt (f, g) 7→ f ∨ g in Cα((M, s0), (N, y0)) is the C
α
mapping, sine M = M¯ \ {s0}. Using the quotient mapping by losures of equivalene
relation aused by the ation of Diffα0 (M) beomes the C
α
manifold and Cα monoid with
the Cα smooth omposition. Using the onstrution of Lα(M,N) we get, that Lα(M,N) is
the Cα Lie group (see also for more details [23℄).
8. Remark. Theorem 7 an be generalized in the Cαb lass for nonompat C
α
b manifolds
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M and N .
8 Appendix.
1. Lemma. Let either f, g ∈ C [n](U, Y ), where U is an open subset in X, Y is an algebra
over K, or f ∈ C [n](U,K) and g ∈ C [n](U, Y ), where Y is a topologial vetor spae over K,
then
(1) (fg)[n](x[n]) = (Υ⊗ Pˆ + πˆ ⊗Υ)n.(f ⊗ g)(x[n])
and (fg)[n] ∈ C0(U [n], Y ), where (πˆkg)(x[k]) := g◦π01◦π
1
2◦...◦π
k−1
k (x
[k]), Pˆ ng := PnPn−1...P1g,
πk−1k (x
[k]) := x[k−1], (A⊗B).(f⊗g) := (Af)(Bg) for A,B ∈ L(Cn(U, Y ), Cm(U, Y )), m ≤ n,
(A1 ⊗ B1)...(Ak ⊗ Bk).(f ⊗ g) := (A1...Ak ⊗ B1...Bk).(f ⊗ g) := (A1...Akf)(B1...Bkg) for
orresponding operators, Υnf := f [n], (Pkg)(x
[k]) := g(x[k−1] + v[k−1]tk),
Pˆ kπˆa1Υb1 ...πˆalΥblg = Pk+s...Ps+1πˆ
a1Υb1 ...πˆalΥblg with s = b1 + ... + bl − a1 − ... − al ≥ 0,
a1, ..., al, b1, ..., bl ∈ {0, 1, 2, 3, ...}.
Proof. Let at rst n = 1, then
(2) (fg)[1](x[1]) = [(fg)(x+ vt)− (fg)(x)]/t = [(f(x+ vt)− f(x))g(x+ vt) + f(x)(g(x+
vt)− g(x))]/t = (Υ1f)(x[1])(P1g)(x
[1]) + (πˆ01f)(x
[1])Υ1g(x[1]),
sine πˆ01(x
[1]) = x and P1 is the omposition of the projetion πˆ
0
1 and the shift operator on
vt. Let now n = 2, then applying Formula (2) we get:
(3) (fg)[2](x[2]) = ((fg)[1](x[1]))[1](x[2]) = (Υ1(f [1](x[1])(x[2]))g(x+(v[0]+v
[1]
2 t2)(t1+v
[1]
3 t2)+
v
[1]
1 t2) + f
[1](x[1])g[1](x + v[0]t1, v
[1]
1 + v
[1]
2 (t1 + v
[1]
3 t2), t2) + f
[1](x, v
[1]
1 , t2)g
[1](x[1] + v
[1]
1 t2) +
f(x)g[2](x[2]),
where v[k] = (v
[k]
1 , v
[k]
2 , v
[k]
3 ) for eah k ≥ 1 and v
[0] = v
[0]
1 suh that x
[k] + v[k]tk+1 =
(x[k] + v
[k]
1 tk+1, v
[k−1] + v
[k]
2 tk+1, tk + v
[k]
3 tk+1) for eah 1 ≤ k ∈ Z. For n = 3 we get
(4) (fg)[3](x[3]) = [(Υ3f)(Pˆ 3g) + (πˆ1Υ2f)(Υ1Pˆ 2g) + (Υ1(πˆ1Υ1f))(Pˆ 1Υ1Pˆ 1g)
+(πˆ2Υ1f)(Υ2Pˆ 1g) + (Υ2πˆ1f)(Pˆ 2Υ1g) + (πˆ1Υ1πˆ1f)(Υ1Pˆ 1Υ1g)
+(Υ1(πˆ2f))(Pˆ 1Υ2g) + (πˆ3f)(Υ3g)](x[3]),
sine by our denition Pˆ kπˆa1Υb1 ...πˆalΥblg = Pk+s...Ps+1πˆ
a1Υb1 ...πˆalΥblg with s = b1 + ... +
bl − a1 − ...− al ≥ 0, a1, ..., al, b1, ..., bl ∈ {0, 1, 2, 3, ...}.
Therefore, Formula (1) for n = 1 and n = 2 and n = 3 is demonstrated by Formulas
(2−4). If f, g ∈ C0(U [k], Y ), a, b ∈ K, then (Pk(af+bg))(x
[k]) := (af+bg)(x[k−1]+v[k−1]tk) =
af(x[k−1]+ v[k−1]tk) + bg(x
[k−1]+ v[k−1]tk), moreover, πˆ
k(af + bg)(x[k]) = (af + bg) ◦ π01 ◦ π
1
2 ◦
... ◦ πk−1k (x
[k]) = (af + bg)(x) = af(x) + bg(x) = aπˆkf(x[k]) + bπˆkg(x[k]) for eah x[k] ∈ U [k],
hene πˆk and Pk and Pˆ
k
are K-linear operators for eah k ∈ N. Suppose that Formula (1) is
proved for n = 1, ..., m, then for n = m+ 1 it follows by appliation of Formula (2) to both
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sides of Formula (1) for n = m:
(fg)m+1(x[m+1]) = ((fg)[m](x[m]))[1](x[m+1]) = ((Υ⊗Pˆ+πˆ⊗Υ)m.(f⊗g)(x[m]))[1](x[m+1]) =
(Υ⊗ Pˆ + πˆ ⊗Υ)m+1.(f ⊗ g)(x[m+1]),
sine x[m+1] = (x[m])[1] and more generally x[m+k] = (x[m])[k] for eah nonnegative integers m
and k suh that πk−1k (x
[m+k]) = x[m+k−1] for k ≥ 1; Υk, Pˆ k and πˆ are K-linear operators on
orresponding spaes of funtions (see above and Lemma 2.3) and
(Υ⊗ Pˆ + πˆ ⊗Υ)m+1.(f ⊗ g)(x[m+1]) =∑
a1+...+am+1+b1+...+bm+1=m+1(Υ
a1 ⊗ Pˆ a1)
(πˆb1 ⊗Υb1)...(Υam+1 ⊗ Pˆ am+1)(πˆbm+1 ⊗Υbm+1).(f ⊗ g)(x[m+1]),
where aj and bj are nonnegative integers for eah j = 1, ..., m+1, (A1⊗B1)...(Ak⊗Bk).(f ⊗
g) := (A1...Ak ⊗ B1...Bk).(f ⊗ g) := (A1...Akf)(B1...Bkg).
2. Note. Consider the projetion
(1) ψn : X
m(n) ×Ks(n) → X l(n) ×Kn,
where m(n) = 2m(n − 1), s(n) = 2s(n − 1) + 1, l(n) = n + 1 for eah n ∈ N suh that
m(0) = 1, s(0) = 0, m(n) = 2n, s(n) = 1+2+22+ ...+2n−1 = 2n−1. Then m(n), s(n), l(n)
and n orrespond to number of variables in X , K for Υn, in X and K for Φ¯n respetively.
Therefore, ψ(x[n]) = x(n) and ψn(U
[n]) = U (n) for eah n ∈ N for suitable ordering of
variables. Thus Φ¯nf(x(n)) = ψˆnΥ
nf(x[n]) = f [n](x[n])|W (n), where ψˆng(y) := g(ψn(y)) for a
funtion g on a subset V inX l(n)×Kn for eah y ∈ ψ−1n (V ) ⊂ X
m(n)×Ks(n),W (n) = U (n)×0,
0 ∈ Xm(n)−l(n) ×Ks(n)−n for the orresponding ordering of variables.
3. Corollary. Let either f, g ∈ Cn(U, Y ), where U is an open subset in X, Y is an
algebra over K, or f ∈ Cn(U,K) and g ∈ Cn(U, Y ), where Y is a topologial vetor spae
over K, then
(1) Φ¯n(fg)(x(n)) = (Φ¯⊗ Pˆ + πˆ ⊗ Φ¯)n.(f ⊗ g)(x(n))
and Φ¯n(fg) ∈ C0(U (n), Y ). In more details:
(2) Φ¯n(fg)(x(n)) =
∑
0≤a,0≤b,a+b=n
∑
j1<...<ja;s1<...<sb;{j1,...,ja}∪{s1,...,sb}={1,...,n}
Φ¯af(x; vj1, ..., vja ; tj1, ..., tja)Φ¯
bg(x+ vj1tj1 + ...+ vjatja ; vs1, ..., vsb; ts1, ..., tsb).
Proof. The operator ψˆn is K-linear, sine ψˆn(af + bg)(y) = (af + bg)(ψn(y)) =
af(ψn(y)) + bg(ψn(y)) for eah a, b ∈ K and funtions f, g on a subset V in X
l(n) × Kn
and eah y ∈ ψ−1n (V ) ⊂ X
m(n) × Ks(n). Mention that the restritions of πˆk−1k and Pk on
W (k) gives πk−1k (x
(k)) := x(k−1) and (Pkg)(x
(k)) := g(x(k−1) + vktk) in the notation of 1.1.
The appliation of the operator ψˆn to both sides of Equation 1(1) gives Equation (1) of this
orollary, sine ψˆnΥ
n = Φ¯n for eah nonnegative integer n, where Υ0 = I and Φ¯0 = I and
ψˆ0 = I are the unit operators.
4. Lemma. Let f1, ..., fk ∈ C
[n](U, Y ), where U is an open subset in X, either Y is an
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algebra over K, or f1, ..., fk−1 ∈ C
[n](U,K) and fk ∈ C
[n](U, Y ), where Y is a topologial
vetor spae over K, then
(1) (f1...fk)
[n](x[n]) = [
∑k−1
α=0 πˆ
⊗α ⊗Υ⊗ Pˆ⊗(k−α−1)]n.(f1 ⊗ ...⊗ fk)(x
[n])
and (f1...fk)
[n] ∈ C0(U [n], Y ), where
πˆ⊗α ⊗Υ⊗ Pˆ⊗(k−α−1).(f1 ⊗ ...⊗ fk) := (πˆ(f1...fα))(Υfα+1)(Pˆ (fα+2...fk)), where πˆ
0 := I,
Pˆ 0 = I is the unit operator, πˆf0 := 1, Pˆ fk+1 := 1 (see Lemma 1).
Proof. Consider at rst n = 1 and apply Formula 1(1) by indution to appearing
produts of funtions, then
(2) Υ1(f1...fk)(x
[1]) = [(Υ1(f1...fk−1))(P1fk) + (πˆ
1(f1...fk−1))(Υ
1fk)](x
[1]) =
[(Υ1(f1...fk−2))(P1fk−1)(P1fk) + (πˆ
1(f1...fk−2))(Υ
1fk−1)(P1fk)
+(πˆ1(f1...fk−1))(Υ
1fk)](x
[1]) = ...
= (
∑k−1
α=0(πˆ
1)⊗α ⊗Υ1 ⊗ P
⊗(k−α−1)
1 ).(f1 ⊗ ...⊗ fk),
where A⊗α⊗B⊗C⊗(k−α−1).(f1⊗ ...⊗ fk) := (A(f1...fα))(Bfα+1)(C(fα+2...fk)) for operators
A,B and C and eah nonnegative integer α, where A0 := I, C0 = I is the unit operator,
Af0 := 1, Cfk+1 := 1, in partiular, A = πˆ
1
, B = Υ1, C = P1. Thus, ating by indution on
both sides by Υ1 from Formula (2) we get Formula (1) of this lemma, sine the produt of
n terms Υ1...Υ1 is equal to Υn.
5. Corollary. Let f1, ..., fk ∈ C
n(U, Y ), where U is an open subset in X, either Y is
an algebra over K, or f1, ..., fk−1 ∈ C
n(U,K) and fk ∈ C
n(U, Y ), where Y is a topologial
vetor spae over K, then
(1) Φ¯n(f1...fk)(x
(n)) = [
∑k−1
α=0 πˆ
⊗α ⊗ Φ¯⊗ Pˆ⊗(k−α−1)]n.(f1 ⊗ ...⊗ fk)(x
(n))
and Φ¯n(f1...fk) ∈ C
0(U (n), Y ), where
πˆ⊗α ⊗ Φ¯⊗ Pˆ⊗(k−α−1).(f1 ⊗ ...⊗ fk) := (πˆ(f1...fα))(Φ¯fα+1)(Pˆ (fα+2...fk)) (see Lemma 3).
Proof. Applying operator ψˆn from Note 2 to both sides of Equation 4(1) we get Formula
(1) of this Corollary.
6. Lemma. Let u ∈ C [n](Ks,Km), u(Ks) ⊂ U and f ∈ C [n](U, Y ), where U is an open
subset in Km, s,m ∈ N, Y is a K-linear spae, then
(1) (f ◦ u)[n](x[n]) = [
∑m
j1=1
...
∑m(n)
jn=1(Ajn,v[n−1],tn ...Aj1,v[0],t1f ◦ u)(Υ
1 ◦ pjnSˆjn−1+1,v[n−2]tn−1
...Sˆj1+1,v[0]t1u
n−1)(PnΥ
1 ◦ pjn−1Sˆjn−2+1,v[n−3]tn−2 ...Sˆj1+1,v[0]t1u
n−2)...(Pn...P2Υ
1 ◦ pj1u)
+
∑m
j1=1
...
∑m(n−1)
jn−1=1 (πˆ
1(Ajn−1,v[n−2],tn−1 ...Aj1,v[0],t1f ◦ u)[
∑n−2
α=0 πˆ
⊗α ⊗Υ⊗ Pˆ⊗(n−α−2)]
((Υ1 ◦ pjn−1Sˆjn−2+1,v[n−3]tn−2 ...Sˆj1+1,v[0]t1u
n−2)⊗ ...⊗ (Pn−1...P2Υ
1 ◦ pj1u))
+[
∑n−2
α=0 πˆ
⊗α⊗Υ⊗Pˆ⊗(n−α−2)](
∑m
j1=1
...
∑m(n−2)
jn−2=1 (πˆ
1(Ajn−2,v[n−3],tn−2 ...Aj1,v[0],t1f◦u))⊗[
∑n−3
α=0 πˆ
⊗α⊗
Υ⊗ Pˆ⊗(n−α−3)]((Υ1 ◦ pjn−2Sˆjn−3+1,v[n−4]tn−3 ...Sˆj1+1,v[0]t1u
n−3)⊗ ...⊗ (Pn−2...P2Υ
1 ◦ pj1u)) + ...
+[
∑2
α=0 πˆ
⊗α⊗Υ⊗Pˆ⊗(2−α)]n−3{
∑m
j1=1
∑m(2)
j2=1(πˆ
1Aj2,v[1],t2Aj1,v[0],t1f ◦u)(Υ
1⊗Pˆ 1+πˆ1⊗Υ1)((Υ1◦
pj2Sˆj1+1,v[0]t1u)⊗ (P2Υ
1 ◦ pj1u))}
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+(Υ⊗ Pˆ + πˆ ⊗Υ)n−2{
∑m
j1=1(πˆ
1Aj1,v[0],t1f ◦ u)⊗ (Υ
2 ◦ pj1u)}](x
[n])
and f ◦ u ∈ C0((Ks)[n], Y ), where
Sj,τu(y) := (u1(y), ..., uj−1(y), uj(y+ τ(s)), uj+1(y+ τ(s)), ..., um(y+ τ(s))), u = (u1, ..., um),
uj ∈ K for eah j = 1, ..., m, y ∈ K
s
, τ = (τ1, ..., τk) ∈ K
k
, k ≥ s, τ(s) := (τ1, ..., τs), pj(x) :=
xj, x = (x1, ..., xm), xj ∈ K for eah j = 1, ..., m, Sˆj+1,τg(u(y), β) := g(Sj+1,τu(y), β),
y ∈ Ks, β is some parameter, Aj,v,t := (Sˆj+1,vt⊗ tΥ
1 ◦pj)
∗Υ1j , where Υ
1
is taken for variables
(x, v, t) or orresponding to them after ations of preeding operations as Υk, Υ1jf(x, vj, t) :=
[f(x + ejvjt) − f(x)]/t, (B ⊗ A)
∗Υ1fi ◦ u
i(x, v, t) := Υ1jfi(Bu
i, v, Aui), B : Km(i) → Km(i),
A : Km(i) → K, ej = (0, ..., 0, 1, 0, ..., 0) ∈ K
m(i)
with 1 on j-th plae; m(i) = m + i −
1, ji = 1, ..., m(i); u
1 := u, u2 := (u1, t1Υ
1 ◦ pj1u
1),...,un = (un−1, tn−1Υ
1 ◦ pjn−1u
n−1),
Aj1,v[0],t1f ◦ u =: f1 ◦ u
1
, Ajn,v[n−1],tnfn−1 ◦ u
n−1 =: fn ◦ u
n
, Sˆ∗Υ
1f(z) := Υ1f(Sˆ∗z).
Proof. At rst onsider n = 1, then (f ◦ u)[1](t0, v, t) = [f(u(t0 + vt)) − f(u(t0))]/t,
where t0 ∈ K
s
, t ∈ K, v ∈ Ks. Though we onsider here the general ase mention, that in
the partiular ase s = 1 one has t0 ∈ K, v ∈ K. Then
(f ◦u)[1](t0, v, t) = [f(u(t0+vt))−f(u1(t0), u2(t0+vt), ..., um(t0+vt))]/t+[f(u1(t0), u2(t0+
vt), u3(t0 + vt), ..., um(t0 + vt))− f(u1(t0), u2(t0), u3(t0 + vt), ..., um(t0 + vt))]/t+
...+ [f(u1(t0), ..., um−1(t0), um(t0 + vt))− f(u(t0))]/t,
where u = (u1, ..., um), uj ∈ K for eah j = 1, ..., m. Sine uj(t0+vt)−uj(t0) = tu
[1]
j (t0, v, t),
hene
(f ◦ u)[1](t0, v, t) = Υ
1f((u1(t0), u2(t0 + vt), ..., um(t0 + vt)), e1, tΥ
1u1(t0, v, t))
Υ1u1(t0, v, t) + Υ
1f((u1(t0), u2(t0), u3(t0 + vt), ..., um(t0 + vt)), e2, tΥ
1u2(t0, v, t))
Υ1u2(t0, v, t) + ... +Υ
1f(u(t0), em, tΥ
1um(t0, v, t))Υ
1um(t0, v, t),
sine uj ∈ K for eah j = 1, ..., m and K is the eld, where ej = (0, ..., 0, 1, 0, ..., 0) ∈ K
m
with 1 on j-th plae for eah j = 1, ..., m. With the help of shift operators it is possible to
write the latter formula shorter:
(2) Υ1(f ◦ u)(y, v, t) =
∑m
j=1 Sˆj+1,vtΥ
1f(u(y), ej, tΥ
1 ◦ pju(y, v, t))(Υ
1 ◦ pju(y, v, t)),
where pj(x) := xj , x = (x1, ..., xm), xj ∈ K for eah j = 1, ..., m, Sˆj+1,τg(u(y), β) :=
g(Sj+1,τu(y), β), y ∈ K
s
, τ ∈ Kk, k ≥ s, β is some parameter. Introdue operators Aj,v,t :=
(Sˆj+1,vt ⊗ tΥ
1 ◦ pj)
∗Υ1j , where Υ
1
is taken for variables (y, v, t) or orresponding to them
after ations of preeding operators as Υk remembering that y[k], v[k] ∈ (Ks)[k], t ∈ K, v[k] =
(v
[k]
1 , v
[k]
2 , v
[k]
3 ) with v
[k]
1 , v
[k]
2 ∈ (K
s)[k−1], v
[k]
3 ∈ K
k
for eah k ≥ 1, in partiular, v[0] = v
[0]
1 for
k = 0, Υ1jf(x, v, t) := [f(x+ ejvjt)− f(x)]/t, (B ⊗A)
∗Υ1fi ◦ u
i(y, v, t) := Υ1jfi(Bu
i, v, Aui),
B : Km(i) → Km(i), A : Km(i) → K. For example, in the partiular ase of s = 1 we have
v[k] ∈ (K)[k]. Therefore, in the general ase Formula (2) takes the form:
(3) Υ1f ◦ u(y, v, t) =
∑m
j=1(Aj,v,tf ◦ u)(Υ
1 ◦ pju)(y, v, t).
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Take now n = 2, then
Υ2f ◦ u(y[2]) = Υ1
∑m
j=1[(Aj,v,tf ◦ u)(Υ
1 ◦ pju)(y, v, t)](y
[2]).
In the square brakets there is the produt, hene from Formula 1(1) and Lemma 2.3 we get:
(4) Υ2f ◦ u(y[2]) =
∑m
j=1[(Υ
1Aj,v[0],tf ◦ u)(P2Υ
1 ◦ pju) + (πˆ
1Aj,v[0],tf ◦ u)(Υ
2 ◦ pju)](y
[2]).
Then from Formula (3) applied to terms Aj,v,tf ◦ u it follows, that Υ
1Aj1,v[0],t1f ◦ u(y
[2]) =∑m(2)
j2=1(Aj2,v[1],t2Aj1,v[0],t1f ◦u)(Υ
1◦pj2Sj1+1,v[0]t1u)(y
[2]), where v[0] = v, t1 = t (see also Lemma
1). Therefore,
(5) Υ2f ◦u(y[2]) = [
∑m
j1=1
∑m(2)
j2=1(Aj2,v[1],t2Aj1,v[0],t1f ◦u)(Υ
1 ◦pj2Sˆj1+1,v[0]t1u)(P2Υ
1 ◦pj1u)+∑m
j1=1
(πˆ1Aj1,v[0],t1f ◦ u)(Υ
2 ◦ pj1u)](y
[2]).
Then for n = 3 applying Formulas (3) and 4(1) to (5) we get:
(6) Υ3f ◦ u(y[3]) = [
∑m
j1=1
∑m(2)
j2=1
∑m(3)
j3=1(Aj3,v[2],t3Aj2,v[1],t2Aj1,v[0],t1f ◦ u)
(Υ1 ◦ pj3Sˆj2+1,v[1]t2Sˆj1+1,v[0]t1u
2)(P2Υ
1 ◦ pj2Sˆj1+1,v[0]t1u)(P3P2Υ
1 ◦ pj1u)+∑m
j1=1
∑m(2)
j2=1[(πˆ
1(Aj2,v[1],t2Aj1,v[0],t1f ◦ u))(Υ
2 ◦ pj2Sˆj1+1,v[0]t1u)(P3P2Υ
1 ◦ pj1u)+
(πˆ1{(Aj2,v[1],t2Aj1,v[0],t1f ◦ u)(Υ
1 ◦ pj2Sˆj1+1,v[0]t1u)}(Υ
1P2Υ
1 ◦ pj1u)]+∑m
j1=1
∑m(3)
j3=1(Aj3,v[2],t3 πˆ
1Aj1,v[0],t1f ◦ u)(Υ
1 ◦ pj3Sˆj1+1,v[0]t1u)(P3Υ
2 ◦ pj1u)
+
∑m
j1=1(πˆ
2Aj1,v[0],t1f ◦ u)(Υ
3 ◦ pj1u)](y
[3]).
Thus Formula (1) is proved for n = 1, 2, 3. Suppose that it is true for k = 1, ..., n and prove
it for k = n+ 1. Applying Formula 4(1) to both sides of (1) we get:
(7) Υn+1f ◦ u(y[n+1]) = [
∑m
j1=1
...
∑m(n+1)
jn+1=1 (Ajn+1,v[n],tn+1 ...Aj1,v[0],t1f ◦ u)
(Υ1 ◦ pjn+1Sˆjn+1,v[n−1]tn ...Sˆj1+1,v[0]t1u
n)(Pn+1Υ
1 ◦ pjnSˆjn−1+1,v[n−2]tn−1 ...Sˆj1+1,v[0]t1u
n−1)...
(Pn+1...P2Υ
1 ◦ pj1u) +
∑m
j1=1
...
∑m(n)
jn=1(πˆ
1(Ajn,v[n−1],tn ...Aj1,v[0],t1f ◦ u)
Υ1((Υ1 ◦ pjnSˆjn−1+1,v[n−2]tn−1 ...Sˆj1+1,v[0]t1u
n−1)...(Pn...P2Υ
1 ◦ pj1u))+
Υ1(
∑m
j1=1 ...
∑m(n−1)
jn−1=1 (πˆ
1(Ajn−1,v[n−2],tn−1 ...Aj1,v[0],t1f ◦ u))Υ
1((Υ1 ◦ pjn−1Sˆjn−2+1,v[n−3]tn−2
...Sˆj1+1,v[0]t1u
n−2)...(Pn−1...P2Υ
1 ◦ pj1u)) + ... +Υ
n−2{
∑m
j1=1
∑m(2)
j2=1
(πˆ1Aj2,v[1],t2Aj1,v[0],t1f ◦ u)Υ
1((Υ1 ◦ pj2Sˆj1+1,v[0]t1u)(P2Υ
1 ◦ pj1u))}+
Υn−1{
∑m
j1=1
πˆ1Aj1,v[0],t1f ◦ u)(Υ
2 ◦ pj1u)}](y
[n+1]) =
[
∑m
j1=1 ...
∑m(n+1)
jn+1=1 (Ajn+1,v[n],tn+1 ...Aj1,v[0],t1f ◦ u)(Υ
1 ◦ pjn+1Sˆjn+1,v[n−1]tn
...Sˆj1+1,v[0]t1u
n)(Pn+1Υ
1 ◦ pjnSˆjn−1+1,v[n−2]tn−1 ...Sˆj1+1,v[0]t1u
n−1)...(Pn+1...P2Υ
1 ◦ pj1u)
+
∑m
j1=1 ...
∑m(n)
jn=1(πˆ
1(Ajn,v[n−1],tn...Aj1,v[0],t1f ◦ u)[
∑n−1
α=0 πˆ
⊗α ⊗Υ⊗ Pˆ⊗(n−α−1)]
((Υ1 ◦ pjnSˆjn−1+1,v[n−2]tn−1 ...Sˆj1+1,v[0]t1u
n−1)⊗ ...⊗ (Pn...P2Υ
1 ◦ pj1u))
+[
∑n−1
α=0 πˆ
⊗α⊗Υ⊗Pˆ⊗(n−α−1)](
∑m
j1=1 ...
∑m(n−1)
jn−1=1 (πˆ
1(Ajn−1,v[n−2],tn−1 ...Aj1,v[0],t1f◦u))⊗[
∑n−2
α=0 πˆ
⊗α⊗
Υ⊗ Pˆ⊗(n−α−2)]
((Υ1 ◦ pjn−1Sˆjn−2+1,v[n−3]tn−2 ...Sˆj1+1,v[0]t1u
n−2)⊗ ...⊗ (Pn−1...P2Υ
1 ◦ pj1u))
+[
∑2
α=0 πˆ
⊗α⊗Υ⊗Pˆ⊗(2−α)]n−2{
∑m
j1=1
∑m(2)
j2=1(πˆ
1Aj2,v[1],t2Aj1,v[0],t1f ◦u)(Υ
1⊗Pˆ 1+πˆ1⊗Υ1)((Υ1◦
pj2Sˆj1+1,v[0]t1u)⊗ (P2Υ
1 ◦ pj1u))}
41
+(Υ⊗ Pˆ + πˆ ⊗Υ)n−1{
∑m
j1=1(πˆ
1Aj1,v[0],t1f ◦ u)⊗ (Υ
2 ◦ pj1u)}](y
[n+1]).
Mention that in general (Υn+1f ◦ u)(y[n+1]) may depend nontrivially on all omponents of
the vetor y[n+1] through several terms in Formula (7). Thus Formula (1) of this Lemma is
proved by indution.
7. Corollary. Let u ∈ Cn(Ks,Km), u(Ks) ⊂ U and f ∈ Cn(U, Y ), where U is an open
subset in Km, s,m ∈ N, Y is a K-linear spae, then
(1) Φ¯n(f ◦ u)(x(n)) = [
∑m
j1=1
...
∑m(n)
jn=1(Bjn,v(n−1),tn ...Bj1,v(0),t1f ◦ u)
(Φ¯1 ◦ pjnSˆjn−1+1,v(n−2)tn−1 ...Sˆj1+1,v(0)t1u
n−1)(PnΦ¯
1 ◦ pjn−1Sˆjn−2+1,v(n−3)0 ,tn−2
...Sˆj1+1,v(0)t1u
n−2)
...(Pn...P2Φ¯
1 ◦ pj1u) +
∑m
j1=1
...
∑m(n−1)
jn−1=1 (πˆ
1(Bjn−1,v(n−2),tn−1 ...Bj1,v(0),t1f ◦ u)[
∑n−2
α=0 πˆ
⊗α ⊗ Φ¯ ⊗
Pˆ⊗(n−α−2)]
((Φ¯1 ◦ pjn−1Sˆjn−2+1,v(n−3)tn−2 ...Sˆj1+1,v(0)t1u
n−2)⊗ ...⊗ (Pn−1...P2Φ¯
1 ◦ pj1u))
+[
∑n−2
α=0 πˆ
⊗α⊗Φ¯⊗Pˆ⊗(n−α−2)](
∑m
j1=1 ...
∑m(n−2)
jn−2=1 (πˆ
1(Bjn−2,v(n−3),tn−2 ...Bj1,v(0),t1f◦u))⊗[
∑n−3
α=0 πˆ
⊗α⊗
Φ¯⊗ Pˆ⊗(n−α−3)]((Φ¯1 ◦ pjn−2Sˆjn−3+1,v(n−4)tn−3 ...Sˆj1+1,v(0)t1u
n−3)⊗ ...⊗ (Pn−2...P2Φ¯
1 ◦ pj1u)) + ...
+[
∑2
α=0 πˆ
⊗α⊗Φ¯⊗Pˆ⊗(2−α)]n−3{
∑m
j1=1
∑m(2)
j2=1(πˆ
1Bj2,v(1),t2Bj1,v(0),t1f ◦u)(Φ¯
1⊗Pˆ 1+πˆ1⊗Φ¯1)((Φ¯1◦
pj2Sˆj1+1,v(0)t1u)⊗ (P2Φ¯
1 ◦ pj1u))}
+(Φ¯⊗ Pˆ + πˆ ⊗ Φ¯)n−2{
∑m
j1=1(πˆ
1Bj1,v(0),t1f ◦ u)⊗ (Φ¯
2 ◦ pj1u)}](x
(n))
and f ◦u ∈ C0((Ks)(n), Y ) (see notation of Lemma 9), where Bj,v,t := (Sˆj+1,vt⊗ tΦ¯
1 ◦pj)
∗Φ¯1j ,
where Φ¯1 is taken for variables (x, v, t) or orresponding to them after ations of preed-
ing operations as Φ¯k, Φ¯1jf(x, v, t) := [f(x + ejvjt) − f(x)]/t, (B ⊗ A)
∗Φ¯1fi ◦ u
i(x, v, t) :=
Φ¯1jfi(Bu
i, v, Aui), B : Km(i) → Km(i), A : Km(i) → K, m(i) = m + i − 1, ji = 1, ..., m(i),
u1 = u, u2 := (u1, t1Φ¯
1 ◦ pj1u
1), un := (un−1, tn−1Φ¯
1 ◦ pjn−1u
n−1), Sˆ∗Φ¯
1f(x) := Φ¯1f(Sˆ∗x).
Proof. The restrition of operators of Lemma 6 on W (n) from Note 2 gives Formula (1)
of this orollary, where v(k) ∈ (Ks)k ×Kk.
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